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&. Motivation
Per .

A footh proj . variety is
fan if x =Ox
Examples So not hypersurface

in pa



Poperty if X is CY then

[] is aServe functor
a DP(Ch)
[Grothendiest duchits]



Ref . (Ginzug'odish)
A dy algeda A isYan if
i) A is hemologicallysmall

(A + perAt)
ii) There is an A-dilinear
quasi-isomorphism A = AV(n]



where AV is the -eversedraising complex
is RHom (A , A2).

Al

Trop . (Ginzon) . If A is CX

then Drd(A) := ExtD(A): dimH*3
has [n] as aSere functor.



Prop. Let X be a smooth projective
variety. ThenI a dy Algern A
& a triangle equivalence DP(CohX)=pertCidea. A is IRAnd of a compact generator)
& XisCyXAiCX.



Dep . A dy Ayeda t is

nonsmooth Cladi-Yan if there is a

dinodule quesi-isomorphism At A(a)



Loose idea behind Kostal drality :
There's an quivcluce of to-categories

zangmentpotentaa
(this underlies deniednecantea



Ref . DA dy agerat Frodenius
if there's a left A-linear quasi-isomorphism
A = A

F
[n]

2) A dy agedetis symmetric if
there's an A-bilinear gis

A = A
+
[]



3) An azmentel do ageda A->k
is Gorenstein if there's an

Abilinear quasi-iso Hate (K,1)[n] = k
ranks · This is due to Arranor-Foxby
· This is a 'one-sided version of us (X
·Equivdent to ask for a left A-linear giso.



MathM (BCL)
The following properties of dy (Co)alyeas
are Koszel dual :

1) nonsmooth CY-> symmetric
2) Gorenstein-> Frodenirs
.



Expl -

irreducible
1) If X is a projective variety with

Cohen-Macaulay singularities, take a dy alara A
st per X = pert
X hos trivial 0> A is nonsmo

CY

Proof : Grottendieck draits!



27 Take R a commutative noetherion
local ring
.

Then R is nonsmoth (Y

-> R is Gorenstein.



eduality
Pef . A d coageta is a corned on (dgVest,
i

.

e .

a dy vertor space C-

with a comultiplication : -> C*

a counit 1 : c-> A

satisfying coassociativity & comitality.



serration if C is a coayeta then its
linear anal C* is an aged-
(Algedes don't necessarily qualise to coagedes !)I
This allowsae to view a dy coalgesia
as a certain kind of topological dgageda !



I V is a restor space,

v = limu
.

So Venu *->

u
Har

U findin 4th dim .

Ref . A (dg) restor space is

pseudocompact if its an inverse limit

of fin · dim . (dg) vector spaces-



Out a catgey peret -> Toplect
Ref . A pseudocompact dy algede
is a (formal) inverse limit of
fin . dim de alerey

Prop. The linear dual givesa uidune

dyCog1 padgAlyP



(1=nEx. The dg algera KKXD dx=o

is pseudocompact!
F(x)=



Given an egmented dy algeta,texe up a
dy coagsi BA the far construction on A
as follows.

As a graded coalgete , BA =T(IC)
= Ker(A -k)

T'(V) = kVV830 ....

O(V- V)=(y- vi)@(vi+ - v)



Differential on BA has two components :
d , usual differential lmetaaC'internal)

&induced froxe multiplication onI hilpotent .
Gives a functor B : ang .Aly -> on. Cog
Has a left adjoint M:Con . Cog -> cyiy
the codar construction

constructed as (T([G)
,
d
, ++2)



Prop. A an aymented alyet.
There is a quasi-isomorphism

(BA)
*
= REudn(k,k)

*AtKoszel dud of Al



ImQuilten,Hich, Lefevre-Hosgawc , Posita
There are model structures 2

any . egAly
Con . dylog

Rating O2+B into a Quiller equivalence.



(4)= 1- nEpl) A =1 ,

da=o

BA is KKXD with (x)=n

2),n
or k(x]



Just like an aleda has a derived category,
a codgee I has a coderived category
constructed via the Following
-

disera
2) DP(C) is a localisation of E-comed

It's a triangulated category!



Im (module - comodate Koszal duality)
If A is a dy agete, I the corresponding
Koszul dral coagete, then - a friagle equir.

D(A) = D*(C) .

A +-> k

k+ C



This allows is to transport things like
Attorn
,
Linear drals

,
etc . to D*(C).

This allows m to define what it means for a
dy Gagede to be

Rank: we need to use
nsCY,
Gerenstein

, Imodule Koszel

Frogenins , duality , developed by
Symmetrie I Guan-Holstein-Lozere



MainthisThe folding properties are koszul
duah Csym =7 a weabequiance (*)1) nonsmell Cy => symmetic saftle object

i) Gorenstei -> Froderius

Idea 'lineardral'Dmoduleide
* -> IRHom

,
(-,c)



↳ main application of this in our paper
is a new characterisation of pincere dualityspaces :
-

Given X
,
> C

.2X dy alges
~ C

. X dy coalgeda
cox = (ox)#



CachX knows lots of topological information
about XI

Moreover
, Corx& C

.
X

(Adams
, Rivera-Zeinalian)



Th (BCI) X a suited nice topological space
IEAE 1) X ; PD uses thateasy[e) Co2X is Gorenster

- CoRX is

alga·
& 9 Hopf



Standard faHH(1) = RHbMe (A,1) = BADA compl

-
BADA with a twisted

differential


