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1 Introduction

1.1 HC and trace methods
To be filled in later...

1.2 From HC to TC

If A is a Q-algebra then trace methods give us a good handle on the rational
K-theory of A. What about at other primes? Relatedly - what happens if we
try to run the Hochschild, cyclic etc. constructions with a ring which is not flat
over Z?

Remark 1.1. The arithmetic fracture square says that if X is a complex of
Z-modules, then there is a homotopy Cartesian square

X — Xy

| |

Hp Xp E— (Hp XI)>Q

In other words, X can be recovered from its rationalisation Xg along with
all its derived p-completions Xp at all primes, along with some extra gluing
information. Given this we will often focus on the p-complete information and
leave the gluing until later.

One answer is to use spectra instead of chain complexes of abelian groups
(a.k.a. dg abelian groups.) A classical way to think is to view a spectrum as
a kind of stabilised topological space - i.e. a simplified version of a topological
space where we have only remembered the information that is ‘stable’ under
applications of the suspension functor.

A more modern way to think is to view a spectrum as a ‘derived analogue’
of an abelian group. Indeed, there’s a notion of ring spectrum - the spectral
analogue of a dg algebra - and the sphere spectrum S is the initial ring spectrum.
In fact, spectra are no more than modules over the ‘ring’ S.



One then tries to perform the above constructions in the world of spectra and
see what comes out. In particular one constructs a topological Hochschild
homology spectrum THH, morally by replacing the Zs in the definition of HH
by Ss. One then notices that THH has some special S!-equivariant structure,
namely that of a cyclotomic spectrum. Loosely, a cyclotomic spectrum is a
spectrum X with an S'-action together with various S'-equivariant fixed point
maps X — X that commute with the restriction maps between the C,,. One
then uses this cyclotomic structure on THH to construct the topological cyclic
homology spectrum TC. Finally one constructs a trace map and proves the
Dundas—Goodwillie-McCarthy theorem, the desired ‘topological’ version
of Goodwillie’s theorem.

Warning 1.2. TC is not simply the homotopy orbits/fixed points/Tate con-
struction of an S'-action on THH. More accurately, TC is to be thought of as
a fancier version of TC™, constructed using the cyclotomic structure on THH.
The historically first definition goes through the intermediate topological re-
striction homology TR, which is supposed to behave like the de Rham-Witt
complex (very roughly, this is given by taking the Witt vectors on the de Rham
complex, and is the thing that computes crystalline cohomology). Roughly,
TR is constructed as the inverse limit of the fixed point maps appearing in the
cyclotomic structure.

1.3 Notation and conventions

Notational warning: Complexes/spectra are denoted without ornamentation.
Homology /homotopy groups will be denoted with a *. So for example, HH(A)
means the Hochschild homology complex of a ring A, whereas HH..(A) denotes
the graded Z-module given by taking its homology.

Convention: rings are associative and unital but not necessarily commuta-
tive. Zero is a natural number.

2 Classical Hochschild and cyclic theory

A good reference is [Lod98].

2.1 Simplicial objects and totalisation

A simplicial object in a category C is a collection of objects X, ,cn together
with face maps d°,...d" : X,, — X,,_; and degeneracy maps s°,...,s" :
Xn — Xnt+1. These satisfy some identities which I don’t want to write down

but you can easily look up.

Proposition 2.1. The simplex category is the category A of finite ordinals
and order-preserving maps. A simplicial object in C is the same thing as a
functor A°P — C.



If C is abelian and X, is a simplicial object in C, its totalisation (or more
accurately realisation) |X,| is a chain complex in C: at level n it is X,, and
the differential is given by the alternating sum of the d’,. Sometimes X, will be
a simplicial object in chain complexes: each level X, is a chain complex and all
of the face and degeneracy maps are chain maps. In this case | X,| is naturally a
double complex and I will often implicitly totalise this double complex to view
| Xo| as a plain chain complex. The boundedness ensures that it doesn’t matter
whether I totalise with sums or products.

Remark 2.2. A semi-simplicial object is like a simplicial object but only with
the face maps. When totalising we are only using the semi-simplicial structure.

2.2 Hochschild theory

Fix a base commutative ring k£ and let A be a flat k-algebra. Unadorned tensor
products will be taken over k. The bar resolution is the simplicial A-bimodule
Bar, (A) which is A®"+2 at level n. The face maps compose adjacent tensorands
and the degeneracy maps insert identities. The enveloping algebra of A is
the algebra A° := A ®; A°P; modules over A¢ are the same as A-bimodules.

Proposition 2.3. The complex |Bare(A)| is a bimodule resolution of A.

Proof. Clearly the totalisation is a complex of free bimodules. One can write
down an explicit contracting homotopy. O

We put Hoche(A) := Bare(A) ®4¢ A. Since tensor products commute with
totalisation, the realisation Hoch(A) := |Hoche(A4)| computes the Hochschild
homology HH(A; k) .= A®%. A. We call Hoch(A) the Hochschild complex
or the cyclic bar complex of A.

Explicitly, one has Hoch,,(4) = (A®"?) @ 4. A = A®"F1 Since the bi-
module structure on the bar complex comes from the copies of A at either end,
rather than the rightmost two copies, the final face map d]; of the Hochschild
complex wraps around and sends a tensor ag ® -+ ® a, t0 Gnag R -+ @ Gp_1.
This is, at a fundamental level, where the later-to-become-very-important cyclic
structure or circle action on the Hochschild complex comes from.

Remark 2.4. More generally, one can make the same constructions when A is a
dg algebra over k. This time, the Hochschild complex is a simplicial object in
complexes.

Remark 2.5 (Shukla homology). Let k be a commutative ring and let A be
a dg-k-algebra. The derived enveloping algebra is the dg-k-algebra A @}
A°P. One can then form the Shukla homology analogously to the Hochschild
homology, but using the derived enveloping algebra instead. When A is flat over
k then the Shukla homology agrees with the Hochschild homology and one can
compute it using the bar complex. In general, one should first resolve A as a dg
algebra. Hochschild and Shukla homology may differ: think about the derived
vs. underived enveloping algebras of the Z-algebra Z/p.



2.3 Connes’ B-operator

There is a rotation operator T : Hoch,,(4) — Hoch,,(A) which sends a¢®- - -®
an to (—1)"a, ®ag®- - -®a,—_1. The B-operator is defined to be the composition
B:=(1-T)s(14+T+T?+---+T"), which is a map Hoch,,(A) — Hoch,,;1(A).
Note that the map s sends a to 1 ® a.

Lemma 2.6 (Connes). The B operator intertwines with the Hochschild differ-
ential. Moreover B?> = 0 and hence the diagram Hoch(A) £ Hoch(A)[1] is a
double complex.

In this business, one often refers to the Hochschild differential as b, so that
the content of the previous lemma is the assertion that B2 = 0 and bB+ Bb = 0.

Definition 2.7.

1. The cyclic complex of A, denoted by HC(A), is the totalisation (via
sums or products - it makes no difference) of the double complex

Hoch(A) <& Hoch(A)[1] <= Hoch(A)[2] ¢ -

The cyclic homology is the homology of the cyclic complex.

2. The negative cyclic complex of A, denoted by HC™ (A), is the direct
product totalisation of the double complex

-+ <& Hoch(A)[~2] <& Hoch(A)[—1] <& Hoch(A)

The negative cyclic homology is the homology of the negative cyclic
complex, with a sign flip in the index: HC,, (A) := H_,, HC™ (A).

3. The periodic cyclic complex of A, denoted by HP(A), is the direct
product totalisation of the double complex

-+ <& Hoch(A)[~1] <& Hoch(A) £ Hoch(A)[1] <& Hoch(A)[2] < - --

The periodic cyclic homology is the homology of the periodic cyclic
complex.

Remark 2.8. The periodic cyclic homology is indeed periodic! The periodic
cyclic complex looks like

i ﬂ HHOCh2i+1(A) (ﬂ HHOChgl(A) (ﬂ HHOCh2i+1(A) (ﬂ e

which can also be viewed as the ‘unrolling’ of a Z/2-graded chain complex.

Proposition 2.9. There is a commutative diagram of long exact sequences

- —— HC, (4) —— HP,(4A) —— HC,,_2(4) —— ---

| | Ju

- —— HH,(A) —— HC,(4) —— HC,,2(4) —— ---

The bottom row is known as Connes’ periodicity sequence.



Ezxample 2.10. Let R be a smooth commutative k-algebra, where k is a field of
characteristic zero. The HKR theorem identifies HH,, (R) with the Kahler differ-
entials Q" (R/k). The B operator gets identified with the de Rham differential.
So we have

o HC,(R) = Q"/dQ" ! & @5y Hig™ (R)
o HC, (R) = ker(d: Q" — Q") x [[5, Hit* (R)

o HP™ n(R) = [[;c, Hi ™ (R)

where the extra summands come from edge effects in the double complex. Note
that this breaks in positive characteristic since the HKR theorem fails to hold;
see [AV17] for further discussion.

2.4 The cyclic category

A cyclic object in a category C is a simplicial object X, together with cyclic
operators 7, : X, — X, satisfying some compatibilites with the face and
degeneracy maps, and 77+ = id.

The cyclic category A is defined similarly to the simplex category A but
with the addition of extra cyclic operators t,; by construction a cyclic object
in C is the same thing as a C-valued presheaf on A. The inclusion A — A gives
the forgetful functor from cyclic to simplicial objects.

Remark 2.11. The category A is self-opposite.

Suppose that X, is a cyclic object in an abelian category C. We can define
new operators b : X,, — X,,_1 and B : X,, — X,,41 which straightforwardly
generalise the Hochschild and Connes differential respectively. The B operator

makes the diagram |X,| £ | Xo|[1] into a double complex, so exactly as before
we may define the cyclic, negative cyclic, or periodic cyclic homology of X.

Proposition 2.12. The rotation operators T make Hoche(A) into a cyclic ob-
ject. The corresponding notions of homology are the usual ones.

Remark 2.13. There is a more abstract characterisation of the homology of a
cyclic object in terms of functor homology.

2.5 Mixed complexes

Fix a field k and let R be the dg algebra k[e]/e%, where we put € in homological
degree 1. A mixed complex is a dg module over R; more concretely a mixed
complex is a triple (V,b, B) where (V,b) is a chain complex of k-vector spaces,
(V, B) is a cochain complex, and bB + Bb = 0.

The functor that assigns a cyclic object its corresponding negative /periodic/cyclic
homology complex obviously factors through the category of mixed complexes.

Proposition 2.14. Let M be a cyclic module and KM the corresponding mized
complex. Then:



1. k (X)Hj2 KM is the classical cyclic complex for M.
2. RHompg(k, K(M)) is the classical negative cyclic complex for M.

3. The map k[1] = R induces a functorial norm map
v:k[l] ®% — — RHompg(k, —)

Across the above quasi-isomorphisms, the norm map is identified with B.
Hence cone(v)(K M) is the classical periodic cyclic complex for M.

Proof. Compute the derived functors using the resolution --- = R = R. O

2.6 The Goodwillie trace

Theorem 2.15 (Goodwillie [Goo86]). There is a functorial Jones—Goodwillie
trace K(A) — HC™ (A; Z), which refines the classical Hattori—Stallings trace
K(A) - HH(A;Z). Let A — B be a nilpotent thickening of Q-algebras. Then
the commutative square

K(A)g —— HC™(A;2)

K(B)g — HC™(B;Z)

is homotopy Cartesian.

The subscript Qs denote rationalisation (of spectra...). Goodwillie’s original
formulation is stronger but requires one to rationalise HC™ too. When A and
B are Q-algebras, the version given above is equivalent to Goodwillie’s.

As a consequence, we get a long exact sequence

co = K (A)g — HC; (A) & K, (B)g — HC (B) = - --

where again the subscript Q denotes rationalisation, this time — ®z Q.

3 A topological viewpoint on cyclic theory

3.1 Intuition on model categories

A good introduction to model categories is [DS95]|. The point of a model struc-
ture on a category C is to axiomatise a notion of resolution in order to get a
good handle on a localisation of C. For example, one can compute morphisms in
DP(A) as chain homotopy classes of morphisms between projective resolutions.

A model category is a complete and cocomplete category C equipped with
three classes of morphisms:

1. Weak equivalences, denoted W



2. Fibrations, denoted Fib
3. Cofibrations, denoted Cof

There are various axioms we will not spell out here. We call morphisms from W
acyclic. An easy consequence of the axioms is that, once the class W is fixed,
the classes Fib and Cof determine each other; cofibrations are precisely the mor-
phisms that have the left lifting property with respect to acyclic fibrations, and
similarly for fibrations. Loosely, fibrations are supposed to behave like ‘relative
injective resolutions’ and cofibrations like ‘relative projective resolutions’.

Remark 3.1. If C is a model category then so is C°P: the weak equivalences
remain the same and the fibrations and cofibrations change places. In this
sense, cofibrations and fibrations are formally dual: any theorem we prove about
cofibrations has a counterpart for fibrations.

An object z is fibrant if the unique map = — * is a fibration. Similarly, x is
cofibrant if 0 — x is a cofibration. An object z is bifibrant if it is both fibrant
and cofibrant. Every object has a weakly equivalent co/fibrant object; we call
these its co/fibrant resolutions. They are unique up to an intrinsic notion
of homotopy constructed analogously to homotopy equivalences of topological
spaces.

The homotopy category of a model category is the category Ho(C) where
the objects are the bifibrant objects of C, and the morphisms x — y are the
homotopy classes of maps  — y. Alternately, one could define Ho(C) to have
the same objects as C, and the morphisms x — y are given by the homotopy
classes of maps T — ¢, where £ — z is a cofibrant resolution and y — gy is a
fibrant resolution.

Theorem 3.2 (Quillen). There is an equivalence Ho(C) ~ C[W™1].

In particular, the homotopy category is a well-behaved presentation of the
localisation of C at the weak equivalences, which is a priori difficult to understand
(and may not even exist, for set-theoretic reasons).

Ezxample 3.3. We list some examples. Warning: it is typically hard to prove
directly that a candidate model structure satisfies the axioms.

1. The category Top has a model structure, the Quillen—Serre model
structure, where the weak equivalences are the weak homotopy equiva-
lences, the cofibrations are the retracts of cell attachments, and the fibra-
tions are the Serre fibrations. The cofibrant objects are the retracts of
CW complexes, and all objects are fibrant. The homotopy category is the
usual homotopy category of CW complexes.

2. The category Top has a model structure, the Strgm model struc-
ture, where the weak equivalences are the homotopy equivalences and the
co/fibrations are the Hurewicz co/fibrations. Every object is bifibrant.
The homotopy category is the usual homotopy category of topological
spaces.



3. The category Ch(A) of chain complexes of A-modules has a model struc-
ture, the projective model structure, where the weak equivalences are
the quasi-isomorphisms and the fibrations are the surjections. Every cofi-
brant object is a complex of projectives, and the converse is true for a
bounded above complex. All objects are fibrant. The notion of homotopy
is the usual notion of chain homotopy. The homotopy category is the
derived category D(A).

4. The category Ch(A) has a model structure, the injective model struc-
ture, where the weak equivalences are the quasi-isomorphisms and the
cofibrations are the injections. Every fibrant object is a complex of injec-
tives, and the converse is true for a bounded below complex. All objects
are cofibrant. The notion of homotopy is the usual notion of chain homo-
topy. The homotopy category is the derived category D(A).

5. The category sSet has a model structure, the Kan—Quillen model
structure, where the weak equivalences are the simplicial weak homo-
topy equivalences, the cofibrations are the injections, and the fibrations
are the Kan fibrations. The fibrant objects are known as Kan com-
plexes, and all objects are cofibrant.

A functor F' : C — D between model categories is left Quillen if it preserves
cofibrations and acyclic cofibrations. In this setting it has a total derived
functor LF : Ho(C) — Ho(D). There is a dual notion of right Quillen. If
F 4 G is an adjunction, then F is left Quillen if and only if G is right Quillen,
and in this case we call F' 4 G a Quillen adjunction. We obtain an adjunction

LF ARG

of total derived functors. Say that a Quillen adjunction is a Quillen equiva-
lence if its total derived adjunction is an equivalence. One can give equivalent
definitions that refer solely to F' and G.

Ezample 3.4. The nerve-realisation adjunction
Top +— sSet

is a Quillen equivalence: topological spaces have the same homotopy theory as
simplicial sets.

3.2 Intuition on oco-categories

The standard reference here is [Lur09].

Roughly, you should think of an co-category as a topologically enriched
category; i.e. a collection of objects supplied with mapping spaces Hom(X,Y)
and continuous composition and unit maps. Topological spaces in general are
quite badly behaved, and one usually prefers to replace them with the more
combinatorial simplicial sets. A simplicially enriched category is precisely



a category enriched in simplicial sets. Such a category C has a homotopy cate-
gory moC, defined by taking 7 of the appropriate hom-spaces. Bergner proved
that the category sSet — Cat of simplicially enriched categories has a model
structure. The weak equivalences are given by the Dwyer—Kan equivalences;
those functors F': C — D satisfying

1. Homotopy fully faithfulness: For every x,y, the maps Fy, : C(z,y) —
D(Fz, Fy) are weak equivalences in sSet.

2. Homotopy essential surjectivity: The induced functor moF is essentially
surjective. In the presence of (1), this is the same as asking that moF' is
an equivalence.

The fibrations are those maps I’ whose component maps F,, are fibrations and
moF is an isofibration. A simplicially enriched category is fibrant precisely when
it is enriched in Kan complexes.

The ‘standard’ model of co-categories is given by quasicategories; these
are simplicial sets satisfying a certain lifting property that e.g. allows one to
fill in the diagram x — y — z to a 2-simplex, thought of as a composition of
the two displayed maps. There is no composition function: rather, there is a
contractible Kan complex of compositions of composable morphisms.

A sSet-category can be glued together into a quasicategory via a nerve
procedure, known as the homotopy coherent nerve. This has a left adjoint,
the ridigification of a quasicategory into a simplicially enriched category, and
these form a Quillen equivalence between simplicially enriched categories and
quasicategories.

Remark 3.5. Other models are also available, e.g. complete Segal spaces.

Example 3.6. Any l-category gives an oo-category by viewing its homsets as
discrete spaces. The corresponding quasicategory is known as the nerve; the
n-simplices are given by the strings of n composable morphisms.

In an oco-category, any two objects X, Y have a space of maps between them
Map(X,Y). By truncating these spaces by applying 7o, one obtains an actual
category; hence one can truncate oo-categories to obtain usual 1-categories.
How can we get our hands on these mapping spaces?

If C is a 1-category and WV a reasonable set of morphisms in C, then one can
localise C to a quasicategory, the simplicial localisation or hammock local-
isation Cyy. The simplices have a definition in terms of ‘hammocks’ between
objects of C. We have 7o (Cyy) ~ C[W™1], the classical localisation.

From this perspective, we view model categories as presentations of oo-
categories. Given a model category C, one can calculate the mapping spaces in
its simplicial localisation in terms of 1-categorical data: given a fixed z,y € C,
one takes certain co/simplicial resolutions known as framings z* ~ z and
Yo =~ y, and one then has

Mape,, (z,y) = C(2°,y) ~ diagC(x*,ys) =~ C(z,Ys)

as long as x was cofibrant and y fibrant.
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Even better, if C is a simplicial model category, i.e. a model category
and a simplicially enriched category in a compatible way, then we can simply
compute

Mape,, (z,y) ~ C(z,y)
as long as x is cofibrant and y fibrant. The easiest example of a simplicial model
category is sSet itself.

A key example: if A is a ring then Ch(A) is a simplicial model category.
The simplicial hom spaces are given by applying the Dold—Kan correspondence
to the usual mapping complexes Hom 4 (X,Y"). In particular, we have

miMappa) (M, N) ~ Ext™" (M, N)

where D(A) denotes the co-categorical localisation of Ch(A) at the quasi-isomorphisms.
The flip in the sign of ¢ is because we change from homological to cohomo-
logical grading conventions. Note that the Dold—Kan correspondence only
sees the connective cover of the morphism complexes, i.e. the parts in non-
positive cohomological degrees (or nonnegative homological degrees), so it is
not immediate (at least, if we pretend that we don’t know about the formula
Ext’ (M, N) ~ Ext®(M, N[4])) how to recover the positive Ext groups in terms
of oco-categorical mapping spaces. In fact, what is really going on here is that
D(A) is not just an co-category, but a stable oo-category (think: enhanced tri-
angulated category) and hence canonically enriched in spectra. We can recover
the positive Ext’ groups as 7_; of the corresponding mapping spectra. We
will return to this matter later.

3.3 Orbits and fixed points

For references, see [NS17] or [Hoy15].

Let G be a topological group. Its classifying space is the co-category BG
which has a single object whose endomorphisms are G. Note that this is an
oco-groupoid, i.e. an co-category whose 1-morphisms are all invertible.

A homotopy G-action on an object X of an co-category C is an co-functor
J : BG — C which sends the unique object of BG to X. When C is nice enough,
one can then take homotopy orbits X, and homotopy fixed points X",
They are defined to be the homotopy colimit (resp. limit) over the diagram J.
When G is finite and C is the derived category D(A) of a ring A, then X¢
computes H,(X,G) and X" computes H*(X,G).

We will be interested only in the case where G is a compact Lie group. In
this setting there is a norm map Nm¢ : X, — X", which when G is finite
lifts the usual norm map m to Zg gm. The Tate fixed points X*C is defined
to be the homotopy cofibre of the norm map, so that we have a fibre sequence

N
Xna —< XM — X6 —

When G is finite, X*“ hence computes the usual Tate cohomology H* (X, Q).
Let A be Connes’ cyclic category, and A its co-groupoid completion, which
comes with a functor A — A. If Psh(A,C) denotes the category of co-functors
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A — C, then the natural functor Psh(A, C) — Psh(A, C) exhibits Psh(A, C) as the
subcategory of Psh(A, C) on those functors which send all maps to isomorphisms.
General presheaf yoga shows that Psh(A,C) is in fact a reflective subcategory,
which yields a reflection Psh(A,C) — Psh(A, C). Since A is connected, A ~ BG,
where G denotes the automorphism group of the object [0] € A. In particular,
we can conclude the existence of a functor

Psh(A,C) — Psh(BG,C)
Proposition 3.7 (Connes). A is a K(Z,2).
This implies that G is a K(Z,1) ~ S!, and hence we obtain a functor
Psh(A,C) — Psh(BS*,0)

which we denote by | — |. Slogan: cyclic objects get an induced homotopy S*-
action.
In particular we may define

e HC(A; k) = |HH(A; k)|ns2
o HC™(A: k) == |[HH(A; k)|"S"
o HP(A; k) := |HH(A; k)|*S"

Theorem 3.8 (Hoyois). These agree with the usual notions of cyclic, negative
cyclic, and periodic cyclic homology.

Proof sketch. We want to prove that if M is a cyclic module, then | M|, 51 agrees
with the traditional cyclic homology of M (and the same for HC™ and HP). Re-
call the definition of the dg algebra R whose modules are the mixed complexes.
Its derived category D(R) is equivalent to the category Psh(BS*, D(k)) of com-
plexes with a homotopy S'-action, roughly since R ~ H*(S!). Across this
equivalence, homotopy orbits corresponds to k ®H;% — and homotopy fixed points
to RHompg(k, —). Hoyois now shows that the following diagram commutes:

Psh(A, D(k)) ——1s Psh(BS, D(k))

X l:,
D(R)
This proves the statement for cyclic homology since we now have

|M|pg1 ~ k&% |M| ~ k @% KM ~ HC(M)

Negative and periodic cyclic homology are similar.
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4 Spectra

An early reference, but still a good one, is [Ada74]. For more modern references
you could try Hatcher.

4.1 Sequential spectra

From now on, every space will be pointed. If X,Y are spaces then [X,Y]
denotes the set of homotopy classes of pointed maps from X to Y. Recall the
Freudenthal suspension theorem: if XY are finite CW complexes then the
tower

[X,Y] = [2X,%Y] — 22X, 23] — - -
eventually stabilises (the exact point at which it stabilises depends on the con-
nectivity of X and Y'). Write [X°°X, ¥°°Y] for the limiting value.

We have ¥ = — A S1, and in particular ¥*S™ ~ S"t™,  For any space X
there is a fold map XX — XX VvV XX that collapses the ‘equator’ to a point.
This makes X a homotopy cogroup, and hence [X X, 7] is a group. Even
better, 32X is an abelian cogroup (by the Eckmann-Hilton argument) and
hence [E%, Z] is an abelian group. Moreover, the transition maps in the above
tower are maps of abelian groups, and hence [X°° X, ¥°°Y] is itself an abelian
group.

Definition 4.1. The stable homotopy groups of a space Y are the abelian
groups 7 (V) := [£°8% X>°Y]. Hence 7 (Y) is the colimit of the diagram

7T1(Y) — 7Ti+1(EY) — 7Ti+2(E2Y) —
Remark 4.2. We have [ZXY] = [X,QY], and hence a natural isomorphism
mit1(Y) = m(QY) for all ¢ > 0. Hence we have 77(Y) = lim ;(Q"X"Y) for
1> 0.

Definition 4.3. A sequential spectrum is an N-indexed sequence of spaces
Xo, X1, ... together with structure maps o, : £X,, = X,,41. We may equiva-
lently write the structure maps in terms of the adjoint maps p,, : X,, = QX 41.

The homotopy groups of a spectrum X are the abelian groups
mi(X) = ligﬂTiJrn(Xn)
n
The structure maps in the colimit are obtained as the composition

Tien(Xn) = Tigns1(5Xn) 25 Tipni1 (Xns1)

Warning: homotopy groups are allowed to be negative! For example, 7_1(X)
is the colimit hﬂn 7 (Xn+1), which has no reason to vanish. When i > 0, we
have an isomorphism m;(X) = lim m(Q"X,,), and when ¢ < 0, we have an
isomorphism ;(X) = lim 7y, (Xn—i).
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Example 4.4. Tf X is a space, it has an associated spectrum X*° X, its suspen-
sion spectrum, which has X" X at level n. The structure maps are identities.
We have the important isomorphism
(X)) &2 m(B°X).

Example 4.5. If M is an abelian group, there is an associated Eilenberg—Mac
Lane spectrum HM. The homotopy groups w.(HM) are concentrated in
degree zero, where they are precisely M. More generally, a chain complex X
of abelian groups has an associated generalised EM spectrum HX. This is
obtained by use of the stable Dold-Kan correspondence: we have functors

Ch(A) ~ Sp(Chx((A)) ~ Sp(sMod-A4) % Sp(sSet) ~ Sp

whose composition we define to be H. We have m;(HX) ~ H; X ~ H'X.

Definition 4.6. A spectrum X is an -spectrum when all of the component
maps p, are weak homotopy equivalences. This implies that we have weak
equivalences X; ~ Q"X ., for all n,i. Such spaces are known as infinite
loop spaces. If X is an Q-spectrum then one has m; X = 7; X, for ¢ > 0 and
7T1'X = 7TOXi for 4 S 0.

Remark 4.7. A spectrum is connective if it has no negative homotopy groups.
Up to homotopy, connective spectra are the same thing as infinite loop spaces.

Say that a map of spectra is a stable equivalence if it induces an isomor-
phism on all =;.

Lemma 4.8. FEvery spectrum has a stably equivalent C2-spectrum.

Proof. If X is a spectrum, let QX be the spectrum with nt" level li iQiXH_n.
By design, QX is an Q2-spectrum which comes with a natural map from X. One
computes

m(QX) 2 limlim w1, (' Xn) 2 Umlm 4 (Xigp) 2 immy g (Xy) 2 m; X
n 4 noi k

and moreover the map X — QX induces this isomorphism. O

Remark 4.9. The @ functor is a fibrant replacement functor for the Bousfield—
Friedlander model structure on sequential spectra. A map f is a stable equiva-
lence if and only if Qf is a levelwise weak equivalence.

Ezample 4.10. The free infinite loop space functor sends a space Z to the
space Q°XN>°Z7 = h_n>1n Q""" 7. One can check that QX°°Z has Q>*°X*°¥"7 in
degree n.

If X is a spectrum, its shift X[k] has X[k], = Xk+, whenever this makes
sense, and * otherwise. Clearly one has m;(X[k]) = m;_,(X). One can check
that [1] is both left and right adjoint to [—1].

14



Remark 4.11. X[—1][1] is precisely X, whereas X[1][—1] has * at level 0 and
agrees with X elsewhere. They are clearly stably equivalent.

We can define suspension and loop functors on spectra by applying them
levelwise. Moreover one still has 3 4 €). There are natural maps

2X — X[1]

which in degree n is o,, and
X[-1] —» QX

which in degree n is p,,—1.

Proposition 4.12. The natural map XX — X[1] is a stable equivalence. If X
is an Q-spectrum, then the natural map X[—1] — QX is a stable equivalence.

Proof. The first statement follows from the second by a Yoneda argument. One
can prove the latter directly. O

4.2 The stable model structure

From now on, instead of spectra in topological spaces, we work with spectra in
simplicial sets instead.

Theorem 4.13 (Bousfield—Friedlander). The category of sequential spectra ad-
mits a model structure, with weak equivalences the stable equivalences. The
fibrations are the maps X — Y such that the induced square

X —— QX

ol

Y — QY

18 levelwise a homotopy pullback square of simplicial sets. The fibrant objects are
precisely the Q-spectra which are also levelwise Kan complexes. The cofibrant
objects are those X for which the structure map XX, — X, 41 is an injection.

Moreover, SeqSp is a simplicial model category - the mapping spaces are
given by SeqSp(X A A%,Y), where the smash product of a spectrum X and a
simplicial set K is defined levelwise. The subscript + indicates that we add a
disjoint point to A™ to make it an augmented simplicial set.

Corollary 4.14. ¥ and Q are mutually inverse functors on Ho(SeqSp).

Let X,Y be spectra. One can define a function spectrum Fun(X,Y) in
the following way. For every i > 0, we have a simplicial set SeqSp, (X, X'Y) =
SeqSp(XANAY, ¥'Y). We hope that we can form this collection into a spectrum.
Observe that there is an ‘assembly map’ XSeqSp, (X, XY) — SeqSp, (X, ¥ T1Y);
viewing ¥ = — A S this is the map that sends a pair f At to the map which
sends x to f(z) At. This assembly map is then the structure map of Fun(X,Y).
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Remark 4.15. Warning: SeqSp is not symmetric monoidal for any sensible no-
tion of the smash product of spectra, and there is no sense in which this function
spectrum construction gives an enrichment (let alone a model enrichment) of
SeqSp over itself.

4.3 Intuition on stable oco-categories

The reference here is Lurie’s Higher Algebra. Spectra fit together into an oo-
category which can be obtained via a general co-categorical stabilisation pro-
cedure starting from spaces or simplicial sets. If C is an oo-category with a
final object %, the suspension of an object X is the homotopy pushout of the
diagram

*— X — %

When C arises from a model category, one can compute this homotopy pushout
as an actual pushout on an appropriately resolved diagram. If every object is
cofibrant, it turns out that we simply need to replace one of the morphisms by
a cofibration.

Ezxample 4.16.

e When C is Ch(A) for aring A, it is easiest to compute the above homotopy
pushout using the injective model structure. Every object is cofibrant so
it suffices to replace one of the maps in the diagram by a cofibration (i.e.
an injection). One choice of resolved diagram is hence the diagram

0 < X — cone(idx)

and taking the pushout, i.e. the cokernel of X — cone(idx), yields X[1].

e When C = sSet, again every object is cofibrant, so one choice of resolved
diagram is
x— X = CX

where CX denotes the cone on X (equivalently, the mapping cone on
idx). Taking the cone and collapsing the end copy of X to a point yields
precisely the usual (reduced) simplicial suspension X X.

Dually, when C has an initial object 0, the loop space of X is given by the
homotopy pullback of
0— X «<0.

Ezxample 4.17.

e In Ch(A) we may compute the homotopy pullback using the projective
model structure, where we replace one of the maps by a surjection. One
choice of resolved diagram is

0 — X < cocone(idx)

and so the homotopy pullback yields X[—1].
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e In Top, every object is fibrant, so we need to replace a map by a Serre
fibration. One choice is the path fibration X1 — X where X[ is
the space of paths in X starting at « € X, and the fibration sends a path
p to its endpoint p(1). The homotopy pullback is hence the set of paths
p € X[ such that p(1) = * € X. This is precisely the space QX of loops
in X based at x*.

Proposition 4.18. Let C be a finitely bicomplete oco-category with a zero object.
Then X is left adjoint to Q0 as endofunctors on C.

Proof. We have

Map(XX,Y) ~ Map(hocolim(x — X < x),Y)
~ holim (* — Map(X,Y) + %)
~ OMap(X,Y)
~ Map(X, QY)

as required. O

Say that C is stable if it is finitely bicomplete, has a zero object, and ¥ is
an autoequivalence of C (necessarily it then has inverse ). Note that this is a
property of C, rather than structure.

Proposition 4.19. If C is stable then hC is triangulated.

Proof. Since C is stable, we have
moMap(X,Y) = moMap(Q2X, Q%Y) = myMap(Q%X,Y)

and hence hC is an additive category. The suspension functor on hC is given by
3., so we just need to specify the exact triangles. Consider the diagrams in C of
the form

X —Y —0

L1

0O—— 2 — W

where both internal squares, and hence the outer square, are homotopy pushouts.
The fact that the outer square is a homotopy pushout yields an isomorphism
W ~ ¥ X, and the distinguished triangles in hC are defined to be the triangles
we obtain by pushing the diagram X — Y — Z — XX down to hC. O

So one perspective is to view stable co-categories as enhanced triangulated
categories. Every triangulated category encountered in nature has an enhance-
ment to a stable co-category.

Remark 4.20. Stable co-categories are the homotopy-theoretic analogue of abelian
categories: indeed, they are (homotopy) additive, every morphism X — Y
has a fibre (homotopy kernel) and a cofibre (homotopy cokernel), and a triple
X — Y — Z is a fibre sequence exactly when it is a cofibre sequence. This is
in fact an alternate characterisation of stability.
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Stable co-categories have mapping spectra: if X,Y are two objects, con-
sider the sequence of spaces Map (X,Y) = Map(X,X"Y). We have isomor-
phisms

QMapn_H (X,Y) ~Map (X,Y)

which give these collection of spaces the structure of a spectrum. In particular
we have m;Map(X,Y) = moMap(X'X,Y) for i € Z.
Ezample 4.21. Tn the derived co-category D(A), we have m;Map(X,Y) = Ext,"(X,Y).

Example 4.22. In the oo-category of spectra, mapping spectra are suitably de-
rived versions of the function spectra we saw above.

Remark 4.23. If C is any oo-category, its stabilisation is the homotopy limit
(taken in the oo-category of oo-categories!)

Sp(C) := holim ( RLLNVELN c)

also known as the category of spectrum objects in C. Stabilisation is a
functor, adjoint to the inclusion of stable oco-categories into all oco-categories.
We have Sp(sSet) ~ Sp and Sp(Chx((A4)) ~ Ch(A4).

4.4 Aside: cohomology theories

If A is a spectrum, the associated cohomology theory is the spectrum E*(X) =
Map(X* X, E). We put E*(X) = 7_; E*(X). Dually, the associated homology
theory is E,X = EAX. We put E;(X) = m(E. X).

Example 4.24. If A is a ring then the EM spectrum H A yields ordinary singular
co/homology with coefficients in A.

Ezxample 4.25. The cohomology theory associated to S is known as stable co-
homotopy.

Brown representability says that every generalised co/homology theory
is co/representable by a spectrum. In fact, even better, every map of theories
lifts to a map of spectra. Be warned that this is not an equivalence of categories,
since the passage from spectra to cohomology theory is not faithful, due to the
existence of phantom maps.

5 Ring and module spectra

I like [HSS00, MMSS01, Hov01] for symmetric spectra. A good reference is
[EKMMO7].

5.1 Symmetric spectra

Just like one can take the smash product of a space with a spectrum (do it
levelwise!) there are various possible definitions of a smash product of spectra.
However, none of them make the category of sequential spectra into a symmetric
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monoidal category. Lewis in fact proved a no-go theorem: there is no symmetric
monoidal smash product on spectra equipped with all of the properties one
desires, such as S being the unit [Lew91].

Proof idea of Lewis’ theorem. If S is the unit for the smash product, then (S, A)
is a commutative monoid in sequential spectra. If A interacts well with the
wedge product for spaces, the multiplication map SA'S — S - which is an iso-
morphism - gives us an isomorphism f : S* AS! — S2. Since the multiplication
is commutative, this forces f7 = f, where 7 is the twist automorphism of S*AS!
which permutes the factors. Unfortunately, 7 # id. O

On the other hand, it has been known for a long time that the stable homo-
topy category does admit a symmetric monoidal smash product. The issue is
hence with lifting this smash product to the point-set level - in the homotopy
category we simply have more freedom. One common modern answer is to at-
tach extra bells and whistles to our spectra, often in the form of group actions
at each level together with extra equivariancies on the structure maps. These
objects are known as highly structured spectra. These structured spectra
then admit a fully symmetric monoidal notion of smash product (often, this
comes with some mild model-categorical complications).

Definition 5.1. A symmetric spectrum is a sequential spectrum X together
with a symmetric group action S, ~ X,, at each level. We demand that the
induced maps ¥ A X;, = Xp4p are S, X Sp-equivariant: the action on the left
hand side comes from the permutation action of S, on S = ST A ... A ST A
morphism of symmetric spectra should be equivariant at each level.

Remark 5.2. Since the symmetric groups are generated by transpositions, it is
enough to assume that the maps ¥? A X,, — X,,4,, are equivariant for p = 1, 2.

All of the constructions we did earlier have counterparts for symmetric spec-
tra.

Smash products and a brief reminder on function spectra. Symmetric spectra
form a monoidal model category, model enriched over itself.

5.2 Ring spectra

S as the initial ring spectrum. EM ring spectra. Maybe some remarks about
cohomology operations.

5.3 Module spectra

Spectra as S-modules. EM spectra and their modules. Ext and Tor.

6 THH

Definition. Bokstedt’s computations of THH for Z and Z/p, and Krause—
Nikolaus’s generalisation [KN22| via the spherical Witt vectors. The Dennis
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trace. Remark on the relative version and Shukla homology. Possibly some
discussion of THH™.

7 Cyclotomic spectra

For TC: the original reference is [BHM93]. A nice short overview is [May| and a
longer, more detailed overview is [Mad94]. A third general reference is [HM97].
An excellent modern reference is [NS17]. They take a different route to the
definition of TC, however. The introduction of [NS17] is especially good and I
will mostly follow that for overview. For the definition of T'C I will likely go to
[Mad94] or [HM97].

A cyclotomic spectrum is loosely a spectrum X with an S'-action together
with various S'-equivariant fixed point maps X“» — X that commute with the
restriction maps between the C,.

Theorem: THH upgrades to a cyclotomic spectrum (originally Hesselholt—
Madsen).

8 TR

Roughly, TR is the homotopy limit over the diagram THH®" — THH™ for m
dividing n (standard trick: index by n! to turn this into an inverse limit).

9 TC

History: TC and the cyclotomic trace first appears in [BHM93]. T’ll mostly
follow [Mad94, HM97, NS17].

Definitions in terms of Frobenius on TR. Alternate definition from [May].
Various alternate characterisations from [NS17].

10 p-complete spectra

The point of this section: TC more or less splits into its p-completions.

p-completion for spectra, spherical Witt vectors, et cetera. Maybe a proof
of Krause-Nikolaus’s Bokstedt periodicity [KN22]. Discussion of p-completed
TC, et cetera.

11 The cyclotomic trace

First appears in [BHM93|. The nilinvariance condition is the famous DGM
theorem [DGM13].
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12 Further afield

Possible further directions could include

e TC for categories [BM12].

e K-theory computations [HM97, HMO03].

e motivic/number-theoretic applications [BMS19, Bou24]; the latter con-
tains lots of good references.
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