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1) usual HH-
K a base commutative ring
A a K-abra
AEA AT eh' eloping a ly
Ae-Mod = A nodules
Hochschild homology of A
HH
* IAF Tor#YA,A)

Hochschild cohomology of A
Htt'tA) = Exttfe (AIA )



Example A- K
AIK so HH* A

e k = Ht#A
-

A = KED, K a field
AE Kai , - r
Then A = A Id
& a resolution of A is

A Ae A A
O

j

After tensorig VA, r vanishes
so HH

,
A = A = HH

,
A



More generally , if
A = KK ,

-Xn) then
HH
* (A) = # (Aton)

this.pkofthe HKR theorem
Hochschild - KostaH - Rosenberg
A a commutative E afyon ,smooth of finite presentation

,then HH
* AT is

start



thebarcmpex
Barca) is tee simplicial
A- finale D={main sets
n- simplices A

#no
→ e

face maps dig
- an a) =

Eo- ai ai# - dnt I
degeneracy maps
Tko- an)= a

.

-
fi

th place
- an

Integer
chain complex



Prof BarA is an

A - rimoduk resolution of A
so can use to compete HH
Example
HHF.coKerf A → A)

a b ↳ a b - ha
= Afkomnutators) co centre

HH¥kerAaI
,
Home HAD
[a
,
-]

= Z(A) centre
rmkl Htt is not funatonal!



Extensions
one can also define
Htt & thx
for schemes ← ITER
NI dy - algebras
[ {dog .

- categories
-

HH CN
have bar •

completes ,gInHPGr)
loosely, HH# ncotangent
& HH 't- tangent T



2) Stable homotopy theory-
goal : study stable
phenomena in dy - top .

i. e - things invariant 0
war suspension
Ey an space x has

reasonable TIX→ ThSlade homotopy groups
Tink TherKK)
(Freudenthal)



Idle formally invert E
(sequential )

Defy a spectrum
is a sequence Diez
of (pointed) spaces
with structure maps
{ Xi→Xiti
then Xitj
Can suspend &
desuspend



Morphisms are tricky to define
Example X a space
EXE six
suspensonspeetmmaan abelian group
HAD Eilenberg - Mac Lane

space
kit ft n)= {

A ie n

o else
Fit together into an
EN Spectrum
CHA) ; = HLA , i)



Def X a spectrum
The light r Hr)
⇒ 8=505

sphere spectrum
$E si
I* $ =

stable homotopy
groups of spheres

ejmkThxHAEfraps in
- homotopy
THE ,

X] category
of
spectra



Products X. Y, paintfakes
XnY= smash

Xv Y p-mutesEX = s'nX
Does not extend in a
Sym . monoidal way to
sequential spectra!
Problem there's a
raiding 5h5=545
need to remember
this Ez - action



More generally
-

Products 5h- n sin
have a En- action
Loose def

"

-

a symmetric spectrum
is a sequence Xq together
with actions E Q X
& structure maps

I 2

5hXq→Xpq
which are 4. xEq→ Eptq
equivariant



Th m (Hovey- Shipley -Smith)
hextends to a

Sym .
monoidal product
on Spsunit = $

Rink can also use
orthogonal spectra
S -modules
etc

Warningnaive may not

agree with [is, ×]
maps in Ho Csps)

)f



Htt,RKLHR, -T
K Tt → IT

# + f
E

HMM⇒ Htt- id
CHR

,
HR)



3spectralal.gg
Defy a ring spectrum
is a moron in

( Sps, D sins → $

Example 5555
$ is a unit for n

- a commutative
ring spectrum

• the initial
ring spectrum



if A is a ring then HA
is a ring spectrum ,

commutative if A was .

I
(rings) e (ring spectra)
s ! $→ A



Once I have rings I
can talk about

m- die spectra
Examples⇒D= Gps, D
CHE -mod, Dakhla)

,

'D
g

Quillen equivalence
really I mean

Holte -made DCE)
as mmridal & od eats



Once I have modules
,

I can do

homological durra
⇒ homological algebra
over rings embeds
in state

"

homotopy
'

theory
DGDE> Ho CHI-not)
→ Ho Gps)



DefA a ring (spectrum)
THHMA) is

Ext
↳ Aop (A , A)

THH
* CA) is

T. f-→ it(A , A)
*

example TH H* H)
is Thx lis )-Yommfttet?



ThyCBE kstedt) or deg 2
THHMFpKFpfD
proof is not easy!

Rink
#pe= ApisEp is
the d±dStga
parametersing cohomology
operations
Htt . Ep) → HM- ith



One more computation
A- an algebra over Q
then THHHHHl
because @ ngQ t A
moral : over a field

,
tHH only interesting
in char p
(
'arithmetic invariant)



Tink There's a bar
construction for THH
too

Extensions

Edgine THH for
schemes → b hurryDGA s m

a gall
Db categories
spectral categories

11 a

Tt
,
= §

TH TH z
Fi deg 2 i
O e ke f



4 Whyyoumightore
Flomology : K - theory
Tarin.tt#A=aI,
universal recipient

.

of true maps
Cf . Hattori- Stallings trace
there's a map
ko CA) → Htt

.
A

t
group completion .

of Cpr A, to)



Upgrades to a nap
K*A → HH* A
' Chern character

'

upgrades to a map
K* A→ THH* A
'
Dennis trace

'

Even better , upgrades
to a map
K* A → TC

*
A

'

cyclotron.sc trace '
which is sometimes a

good approximation



cohomdogyo.DE/srnatia-
theory

A an
'

alg / a field
HH
'

A = first- order defending
of A

More generally, HHt
'controls

'

defsit
-

THTHA controls
non - additive

deformations of A
Cf .
Mac Lane cohomology


