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P%÷he bar-color adjunction
2.Model structures

3. The global setting

4. Potential application :

deformation theory



1. THE BAR - COBAR ADJUNCTION
K a field .

A Cdg) algebra is a monoid
in the category (dgvect,#
a AoA → A

y : K→ A

A 1dg) coalgebra is a
comonoid in dgvect :
o :c → C C

y : C→ K



trample ✓ a (dy) vector
space . The tensor coalgebra
on V is

-144 ④ ✓①n

9=0

with comultiplication
given by
06,- rn) = § ,

- r: ⑦
vi.+1-4



E✗om_pk If (40, g) is
a ↳algebra then the linear
duct Cd

,
or
, y) is an

algebra ✓☒Ñ→(v④Ñ
Warning The linear dud
of an algebra A is

Hy a coalgebra when
A- is finite dimensional!



An algebra is augmented
if the unit map k→A
admits a retract

A →K
The augmentation ideal is
Ker A-→ K) A-
It's a nonunital algebra
In fact,
ahy . Alg A Nona . Alg



Similarly a coalgebra C is

coaugmented if c→K has
a section . The quotient
E.= cokerck→c) is the
↳augmentation coideal aid
is a noncomital coalgesra
under the reduced
↳product I →c-①E.

4*170=4*010



A coangmentedcoalgeirac is
↳nilpotent if He c- C
Ip , st .

IPCC) = 0
Examine -18 is

cordpotent since JG)=0 .

In fact TV is the
free conkpotent coalgebra
on V.



thesarconstrution
A an augmented algebra .

The bar construction on A
is the dog ↳algebra BA -hose
underlying graded algebra is
TIEA) . The differential

is the bardiferent.at#o--di-dzd,--hshldi/flondzC9-an)--fa,-ai.ai.+ih



Similarly if C is a
conilpoteat coalgebra there's
a Cobar construction IC
equal to

4-G- 'E)
,

d
, + dz)



THY Bar and coGor are

adjoint :

Alg
*
Irc

, A) =

conil.co#c.BA)Proofidea-
show that both are
isomorphic to a third
functor

.



C. a coalybra
A an algebra
The space Hom (GA)
admits a convolution
product : f, y :c→ A

f☒g
c -9C#→A☒A -7A
making it into an algebra,the convolution algebra



E any algebra, possibly
nonurital

. A Maurer- Cartan
element in E is ✗ c-E

'

such that

DX -1×2 = 0 .

Theset of all MC
dts is MCCÉ .



Thy
'

twisting morphisms '
r

Homtk
,A) I Mcttomfc

, E)

n-tbmcc.BA)
Proofidea
A map re→ A is the
same as a linear map
E-

'
c-→A compatible with

the differential .



Rmk_ There's an equivalence
cog Ifpro- fdAlg)°P
I{pseudocompact}°Palgebras

Proofidea
( = him> C

' (swelter
c
'

#c

cage ind- fd Cog
= ind- (fdAlg°P)
I ro - fdAly)°P



2. MODEL STRUCTURES

Thm (Hinrich) The category Alyof dgas admits a model
structure with
• weak eqnivs : quasi - isos
• titrations

: surjection s



Alg* is the slice category
Algie so inherits the model
Stradare .

Aim Put a model structure
on conil.co# making
1-113

into a Quillen adjunction .



THY 1) the count map
NBA →A is a

cofisrant resolution of A
2) B preserves quasi- isomorphisms
3)I does not preserve
quasi- isomorphisms
c = BCK-10K) IK
IK acyclic
Ice K ⑦ K



Upshot : quasi - isos are too
coarse a notion of weak
equivalence to get the
desired adjunction .

Fix : create the weak equivalence,
through I .



Thf (Quillen, Hinrich, Lefevre-Hasegawa)
The category of conilpotent
coalgfas admits a model
structure with

• weak eqi.us: f- St .

If is a quasi - iso .

• cofisrations :

injections



thmp weak equines are

quasi- isomorphisms
2) Converse is true for
•connective cratesas Gut
false in general
3) [→BIC is a

fisfant resolution



TY Koszul duality")
art B

is a Quillen equivalence.
Holan it Gg*)
e HotAly,)



RmK_ Can transfer the model
structure on cmilpotent codyfa>
to one on

proArt
For connective

pro-Artinianalgebras
, recovers a

model structure of
Piridham

.



3- THE GLOBAL SETTING

☒ Do the previous
results have analogues
when one drops
conilpotency ?

why global ?

conilpotent
dg c.algebras ~

formal
stacks

9
Hinioh



÷÷÷i¥E÷
functor Coy : dgvect → cog,× .

Even Cogck) is complicated .

A an augmented alg .

Its extended Gar constr '

is

VBA fog #1,0)
d is like the bar

d.Al .



THY/And - Joyal ,
. . . )

there's an adjunction
r :Cog*←> Alg Ñ
& moreover a similar

interpretation for me .

Products doesn't preserve

quasi - isomorphisms .

re need not be cofisrant
unless C was c.nilpotent .



mcefhivale.ae#
E a dga .

There's a dg category
Mcd
,
(E) with

• objects : ✗ EMC (E)

•Morphism spaces :

Homey g) = HomeCÉYÉD

Thy (Chuang
-
Holstein - Lazarev)
MC (E)

isodasses in

H°MCdgCE)
"

(Ée)efLiv .



In particular :
can look at

D: --MCdg(Home, A-1)
.

isoddss
Put Mee, A) in HD
the MC moduli set

Thy (
CHL)

netsA)a
tbmy
3-homotopy equiv

r-Homtc.BA#3-hom.topyeguiv
.



Def A map c→c
'

is an MC equivalence
if it A ,
meld, A) →met, a)
is an isomorphism .

& similarly for algebras



E✗amg
3-homotopy guidance

⇒ MC equivalence
⇒ quasi - isomorphism

• c.→ Brc}
are

MC

• riza → A equites .



T.EE#::*::!--rsen .

model structure with
• weak efhivs : Mc quits .

• cfisrations : injections
2) Alg* admit a cof . yen
model structure with
• weak epics : MC guns
• fibration's surjection .

3) I-1 Fs is a

Quiller equivalence

curvature .



Proofsketch f- 2)

a) Jeff Smith 's theorem

requires .

Vopénkas principle



b) More direct (w.i.pe)

(Hovey, May - Ponto I)

wnJ-i.FI - inj
(↳I incl

. fd .

Coats .

I 3- interval

due CÉÉ C'④I
in an MC equivalence .



f. DEFORMATION THEORY

A deformation of a

genetic orject
is an

infinitesimal thickening

EY{✗g-BEAK
thickens to the family
{xy=t} over KATIE

+ → i



Philosophy
( Deligne,Hinrich ,Pridham ,Lurie)/

- . .

In characteristic zero ,
commutative

deformation problems
are controlled 62
dg Lie algeciras

This is Koszal duality !



Similarly
,
noncommutative

deformation problem are

controlled by noncommutative

algebras (Lurie)

can use nilpotent Kosel
duality to get explicit
prorepresenting objects for
certain naturally occurring
deformation problems (B)



Hopf Global Koszhl

duality will give
representability results

for global deformation
problems .

'global test
doshi → sset

Deff)=RHon(ÉlEdÑi)



Thanks
for
listening !



(K -0K) , K



Dn - n - disc

chains →Dfm
,
n33

r ¥=rñ*
• •

A

•→ • D
'
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