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1) Recap on HHI THH*
I ing , Aekg
The enveloping algebra

÷:÷÷÷÷÷÷⇒Ak - modules = A- bi nodules

is

HH¥AH=E×tfq(AM)



Can compute HH*
via the bar complex .

Thm
square

- zeroHHI.AM In}extensions

ñ=o

o→m→Ñ→A→o
F- ,

-

Higher HH* have interpretations.



Examples
K a field ,

(k¥→k)eHH:(K)
= 0

Zhi→Ilp
is not zip - linear
is not 2- split .

→ not detected by HIM .



Thm

THHYAM) is

in bijection with

{¥
re - zero

extensions of A}/iso.



if A is a ring , its

topological enveloping algebra
is Aes, A①$A°P .

Its topological Hootch:/d
cohomology is

THHYA
, Extra:(A.M)
-



Relative version
R a commutative ring

spectrum ,
A an R - algebra

can form AF &

THHR . Usual THH
is THH

,s
.

→

Then Its a field ,
¥¥=H¥ . #Ha
THHK EHA☒¥a GA)



Sample computations
29s = Oh $2 = oh
so if A is a Q - alg ,
THHTA.MH-HHI.CA

,
M)

B kstedt periodicity :

K a perfect field , char p

THH = KEI
- -



2) HH* & THH*
for schemes

How to extend the

definition of THH*
to schemes ?

Convention All schemes
are separated &
noetherian over a
field K



Defining HH*
✗ a scheme .

1) define HHI G)
locally & glue

2)HHI G) Ext (04-00)
3)HH¥k):=HH¥(perp
-



We choose 3) as our
model for THH* .

On homology
,
done by

Blumberg -Mandell .



Idea Just like one
can take HH¥ of a
K- linear dg category ,
one can take THH

*

of a spectral category
f- category enriched in)spectra



So one can go

I→_per✗
K- linear

dog cat .

~)p-er✗
HK- linear

spectral cat .

~>p_er✗$arspectral cat .

→ THHFperX)



This B. - Kaledin - Lowen

(after Lowen- Van den Bergh)
THH* satisfies strong
invariance results for
spectral categories .

In particular one has
THH =THH*p

=THH*ÑGhX

E



Proof uses the bar Cpk .

Cor . If R is a
commutative dj- then
THH*(spear)
I THHER)
Rmk If ✗ is a

Q - scheme then

-141-1*1×7=1-11-1*2G) .

3



3) Sample computations
✗ smooth proper/a field K.

Thm (BKL)
I a multiplicative, convergent
upper half- plane spectral
sequence with E

'
page

HHÉK)%THH4k)
⇒ THHP"G)



In particular
if K is perfect of
characteristic p> o

we get

HHÉK)[u]⇒THH*k)
This degenerates at Ellen :

•✗ a curve

•✗ is P2 and p>2

•✗ a K3 surface & p>2



e.g ✗=P'z/p .

Then THH*✗ is

a:b'
,
i

I/p[aibicidkb.ba
,
ac

Rmk THH,sX is always
an E
,
- algebra so

THH*✗ is graded - comr-kt.ve .



Where to go now?

• It's unclear in what
sense we have

nonlinear

THti×={deformations}of ✗
when ✗ is non -affine

• e.g.PE/pz ought to
show up as an element

of THHYPEp.KZ/p



• Loose idea:

THTPX parameter,Ses
non- additive deformations
I CohX

• precise relationshipbetween THH* &
deformations of
abelian categories
is work in progress .



Thanks
for

listening !



A ring
M A- find

THHTTA
,m)
I HMLTTAM)


