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Introduction

Let A be a (not necessarily commutative) noetherian ring. Associated to A
are various invariants which tell us about the geometry, homological algebra,
representation theory, etc. of A. Often one thinks of an invariant as being a
number, or maybe a vector space, or at least something reasonably small and
concrete. But there are several natural categories attached to A, which one can
view as invariants in their own right. These categorical invariants contain a
lot more structure and information than more classical invariants, but at the
downside of being more complicated objects. Examples include:

1. The abelian categories mod-A and Mod-A. These are rather strong
invariants: Morita theory tells us that when A and A’ have equivalent
module categories, then Z(A) = Z(A’). In particular these are complete
invariants for commutative rings. In the non-affine setting, one has the
Gabriel-Rosenberg theorem, which says that if X is a noetherian scheme
then X can be recovered from Coh(X) or QCoh(X).

2. The triangulated category D(Mod-A), defined to be the localisation of
the category of chain complexes of A-modules at the quasi-isomorphisms
(homology isomorphisms). This category is the natural home for the ho-
mological algebra of A-modules. Variants include D?(mod-A), where one
restricts to bounded complexes of finitely generated modules, and per (A),
where one further restricts to finitely generated projective modules. These
categories are looser invariants that still know about the homological prop-
erties of A. For an example of the utility of this approach, P! is derived
equivalent to the path algebra of the Kronecker quiver e = e, although
their abelian categories of sheaves/modules are not equivalent. So ho-
mological algebra over P! is the same as homological algebra over e = .
Recovery theorems are more difficult to come by here; one famous example
in the geometric setting is the Bondal-Orlov reconstruction theorem, which
says that if X is a smooth projective variety with (anti)ample canonical
bundle then D’(X) recovers X (for a nice exposition of this see [C#l05]).

3. Differential graded enhancements of the above triangulated categories;
loosely these keep track of the derived hom-complexes rather than just
the Ext groups. One is typically interested in dg enhancements since
triangulated categories have bad formal properties:
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e Mapping cones are not functorial.
e The category of triangulated categories doesn’t have internal homs.

e Triangulated categories don’t satisfy any reasonable form of geomet-
ric descent.

e Invariants like Hochschild, cyclic, or periodic cyclic co/homology are
defined using the dg structure, and it is unknown if they can be
recovered from the triangulated structure alone.

All of these problems are solved by working with pretriangulated dg cat-
egories instead of triangulated categories.

4. If A is reasonably commutative (for example, an enveloping algebra or
an Fs-algebra), then one can equip D(A) or per(A) with a monoidal
structure given by a derived tensor product. This is the starting point for
the subject of tensor triangular geometry.

By definition, per (A) is a subcategory of D?(mod-A). One natural question
to ask is - what sort of difference is there between these two categories? For an
example, let k be a field and consider the ring A := k[z]/x?. The module k has
a projective resolution given by

AT AT AN A

and using this one can compute that Exti(lmk:) > k for all 4 > 0. Since
perfect complexes must have bounded self-Exts, & cannot be perfect. Hence
k € D®(A) is not an object of the subcategory per(A). More formally, trying
to measure the difference between the triangulated category D’(mod-A) and
its triangulated subcategory per(A) leads us to consider the Verdier quotient
D’(mod-A)/per(A). This triangulated category is known as the singular-
ity category of A and will be the main object of our study. In particular,
we will be interested in the sort of information that the singularity category
Dy (A) == D’(mod-A)/per(A) knows about A. The above calculation shows
that Dgg(k[z]/2%) does not vanish — in fact, it is D?(k) (as long as k is alge-
braically closed). The foundational result in this field, and the reason for the
name “singularity category” (coined by Orlov), is the following result:

Theorem. Let A be a commutative noetherian ring of finite Krull dimension.
Then A is regular if and only if Dg,(A) vanishes.

Intuitively, a commutative ring is regular when the corresponding scheme
is smooth. So for example, the ring Clzy,--- ,xz,] is regular, since it is the
coordinate ring of complex n-space. The rings Clz, y]/xy, Clx,y]/(z? —y?), and
Clz,y]/ (23 + 2 — y?) are not smooth, since they are respectively the coordinate
rings of the coordinate axes in the plane, the cuspidal cubic, and the nodal cubic,
all of which have singular points. With this in mind we regard the singularity
category of A as a homological invariant that detects the singularities of A, even
when A is noncommutative. Along the way to proving the above theorem, we
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will see a purely homological characterisation of smoothness in terms of global
dimension, which measures the lengths of projective resolutions of A-modules;
it is intuitively clear that the existence of finitely generated modules without a
bounded projective resolution is an obstruction to the vanishing of D, (A).

After we prove the above theorem, we will see two important alternate de-
scriptions of the singularity category, valid in various levels of generality. The
first is as follows:

Theorem (Buchweitz). Suppose that A is (Iwanaga)-Gorenstein; i.e. A has
finite injective dimension over itself. Then there is a triangle equivalence be-
tween Dgyy(A) and the stable category of maximal Cohen-Macaulay modules
MCM(A).

We say that a finitely generated A-module X is MCM if Ext’y (X, A) vanishes
for ¢ > 0; in the commutative setting, there is an equivalent characterisation in
terms of depth. Loosely, the stable category of MCM modules is what one gets
by taking the category of MCM modules and quotienting out the projectives.
The shift of an MCM module is its (inverse) syzygy. As originally noticed
by Eisenbud, when A is a complete local hypersurface singularity, the syzygy
functor is its own inverse, which makes MCM(A) into a 2-periodic triangulated
category. In this setting there is a simpler description that makes use of the
2-periodic structure, which gives us our second alternate description:

Theorem. Suppose that R = kfz1,...,2,]/f is a complete local isolated hy-
persurface singularity. Then there is a triangle equivalence between Dy (R) and
the (homotopy) category of matrix factorisations MF (k[x1, ..., z,], f).

A matrix factorisation of f is a pair of free finite rank k[z1, ..., z,]-modules
M and N together with ‘differentials’ d : M — N and d : N — M satisfying
d? = f. One can alternately think of this as 2-periodic ‘complex’, where the dif-
ferentials do not square to zero, but rather to f; indeed there is an interpretation
here in terms of modules over a certain curved dg algebra. One can organise the
collection of matrix factorisations into a category, and MF (k[x1,...,x,], f) is
given by quotienting this category by a suitable notion of homotopy.

Armed with these three alternate descriptions, we will then proceed to en-
hance them to the level of dg categories. This will allow us to talk about invari-
ants like the Hochschild co/homology of singularity categories, which we will
compute in some special cases. In particular we will see the following theorem:

Theorem. Let R = k[x1,...,2,]/f be a complete local isolated hypersurface
singularity. The 2-periodic Hochschild cohomology of Dg,(R) is the Milnor

algebra
R
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concentrated in even parity. Moreover, the non-2-periodic HH?(Dg(R)) is the
Tjurina algebra My/f.
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In particular, one can recover both the Milnor and Tjurina algebras of f —
classical objects from singularity theory — from the singularity category Dsg(R)
(possibly with some extra 2-periodicity data attached).

Following this, we will consider relative singularity categories, and especially
concrete models for them in terms of derived quotients. As an aside, we will see
some applications of this technology to the classification of isolated hypersurface
singularities. Following work of Kalck and Yang, we will then use these concrete
models to give explicit computations of singularity categories of noncommutative
deformations of Kleinian singularities originally due to Crawford. Finally, we
will see that various duality results for singularity categories can be placed
within the context of Koszul duality, which is a duality theory for dg co/algebras.
In particular, our earlier Hochschild cohomology computation can be viewed as
an instance of an easier computation ‘across Koszul duality’.
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for each Chapter are given at the start, rather than being given inline; any
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make no claims to originality of any of the material presented here.
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edge of tensor products and the hom-tensor adjunction. Knowledge of category
theory is a must, and it would be helpful to be comfortable with abelian cat-
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Chapter 1

Derived categories

We begin with our basic object of study, the derived category of a ring. For
far more comprehensive treatments than this section provides, see [Wei94] or
[Yek20]. If you are geometrically inclined, you will enjoy [ThoO1].

1.1 Chain complexes and quasi-isomorphisms

Let A be a ring. All modules are right modules unless otherwise specified. A
cochain complex is a Z-indexed sequence of A-modules {M™"}, ¢z together
with differentials d : M™ — M"*! such that d> = 0. A chain complex is
defined similarly, except that the differentials lower the degree; in this case we
typically write the indices as subscripts. One can convert between homological
and cohomological notation by setting M"™ = M_,,. For us, the term complex
will always mean a cochain complex. Observe that the complexes concentrated
in degree zero are precisely the A-modules.

If M is a complex then its shift M[1] is the complex with M[1]* = M!*+"

and differential dy;;) = —das. Graphically, this corresponds to shifting the
complex left. There are analogous shifts M[n] for all integers n, and we have
M[i)[5] = M[i+ j].
Remark 1.1. The Koszul sign rule says that when an object of degree p moves
past an object of degree ¢, then a sign change of (—1)P? is required. All of the
sign conventions in this book can be worked out with a careful (if, sometimes,
non-obvious!) use of the Koszul sign rule.

A morphism of complexes M — N is simply a collection of maps M,, — N,,
with no compatibilities. A morphism of degree d is a morphism M|[d] — N.
A morphism f : M — N is a chain map if it is compatible with the differentials
in the sense that dy f = (—1)°&f fd,,.

An n-cocycle in a complex M is an element m € M"™ such that dm = 0.
We denote the A-module of n-cocycles by Z™(M). An n-coboundary is an
element m € M" of the form m = dn. We denote the module of n-coboundaries
by B"™(M). Clearly we have B"M C Z™M, and the quotient Z"(M)/B"™(M)

1



CHAPTER 1. DERIVED CATEGORIES 2

is the n'" cohomology module H"(M). We often assemble the cohomology of
M into a complex H (M) with zero differential.

Exercise 1.2 (Mapping complexes).

1. If M, N are complexes, show that there is a natural complex of Z-modules
Hom 4 (M, N) which in degree n consists of the morphisms of degree n,
and whose differential is defined by f + dy f — (—1)°8f fdy;. Show that
the n-cocycles are precisely the degree n chain maps.

2. If X is a complex and f,g are two endomorphisms of X, their graded
commutator is [f,g] = fg — (—1)d8(/)deeld)gf Show that the graded
commutator [dx, —| makes the graded abelian group End 4 (X)) into a com-
plex.

3. Show that the obvious inclusion Hom4 (M, N) — End4 (M @& N) is a chain
map. This explains the sign in the differential of the hom-complex.

4. *If B is another ring, Y a complex of right B-modules and Z a complex
of left B-modules, show that the graded abelian group Y ® g Z which in
degree 7 is given by @i:p g Y? ®p Z%is a complex under the differential
dly®z) =dy® z + (—=1)%8Wy @ dz. If M is a B-A-bimodule and N an
A-module, show that the evaluation pairing Hom(M,N) @ g M — N is a
chain map.

5. *Formulate and prove a hom-tensor adjunction for complexes.
Exercise 1.3. Compute the cohomology of the two-term complex
045 A0

If f: M — N is a chain map, it induces maps H'f : H'M — H'N on
cohomology groups. A chain map f is a quasi-isomorphism if each H*f is an
isomorphism. Two chain complexes are quasi-isomorphic if there is a (finite
length) zig-zag of quasi-isomorphisms between them.

Exercise 1.4. Let M be the complex of abelian groups Z —» Z, with the
rightmost Z placed in degree zero. Show that the projection M — Z/n is a
quasi-isomorphism.

Exercise 1.5. If k is a field, and M is a complex of k-vector spaces, show that
M is quasi-isomorphic to H(M). (Hint: if U < V is a subspace, then U admits
a complement UL < V such that U@ U+ = V)

Exercise 1.6. Let A be the ring C[x,y], and consider the two complexes

M=A®A Y 4

and
z—0, y—0
%

M =A C
Show that H(M) =2 H(M'). Show that there is no (A-linear!) quasi-isomorphism
M — M’. *Show that M and M’ are not quasi-isomorphic.
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A complex M is exact at n if H*(M) = 0. A complex is acyclic (or a
long exact sequence) if it is quasi-isomorphic to the zero complex.

Exercise 1.7. If M is a complex, show that M is acyclic if and only if M is
exact at all ¢ € Z.

Exercise 1.8.

e When is a two-term complex 0 — My i> My — 0 acyclic?

e When is a three-term complex 0 — M i> My EN Ms — 0 acyclic?

If f: M — N is a chain map, the mapping cone cone(f) is the complex
with cone(f); = M;+1® N; and differential given by the upper-triangular matrix

(dM f )
0 —dn /°

Exercise 1.9 (Mapping cones). If f : M — N is a chain map, show that there
are natural chain maps N — cone(f) — M[1]. Show that f together with these
maps induces a long exact sequence

oo M) YN B(NY S B (conel(f)) = HITY(M) s -

Deduce that f is a quasi-isomorphism if and only if cone(f) is acyclic.

Exercise 1.10. Let M =0 - M,, — --- —» M,, — 0 be a complex with
finitely many nonzero terms. Show that M can be obtained from the finite set
{M?:0 < i< m} via a finite sequence of shifts and mapping cones.

A complex M is strictly bounded above if M? = 0 for all 5 > 0 and
strictly bounded below if M*® = 0 for all i < 0. A complex M is strictly
bounded if M? 22 0 for all but finitely many 7; this is equivalent to being strictly
bounded above and strictly bounded below. We say that M is bounded if the
complex H (M) is bounded, and similarly for above/below.

Synonyms for bounded above in the literature include right bounded and
eventually connective; bounded below is also referred to as left bounded or
eventually connective. Sometimes we will use cohomologically bounded
as a synonym for bounded, for emphasis.

If A is a ring then we let Ch(A) denote the category of chain complexes of
A-modules, with morphisms given by the chain maps.

Definition 1.11. Let A be a ring. The derived category of A is the local-
isation D(A) := Ch(A)[quasi-iso"'] given by formally inverting Ch(A) at the
quasi-isomorphisms. This has subcategories D*(A4), D~(A), D’(A) on those
complexes which are bounded below, bounded above, and bounded, respec-
tively. If A is noetherian, we write D(mod—A) for the full subcategory of
D(A) on the bounded complexes of finitely generated A-modules.

Exercise 1.12. Show that D(A) is also the quotient Ch(A)/(acyclic modules)
where we identify all acyclic modules with zero. (Hint: mapping cones.)

For the rest of this section, we will try to understand D(A). In generality,
this is often too difficult, and we restrict ourselves to D?(A) instead.
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1.2 Projective resolutions and chain homotopies

Recall that an A-module is projective if it is a summand of a free module.

Exercise 1.13. Let P be a module. Show that P is projective if and only if for
all maps f: P — N and surjections 7 : M — N, there exists a lift of f through
m,ie. amap f: P — M such that nf = f.

Exercise 1.14. If p, ¢ are distinct primes, show that Z/p is a projective Z/(pq)-
module.

Exercise 1.15. A short exact sequence is an exact complex of the form
0 - My - My - Ms — 0. Let P be a projective module. Show that
the functor Hom4 (P, —) : mod—A — Ab is exact; i.e. preserves short exact
sequences.

If M is a module, a projective resolution of M is a complex
P = "’*)PQ‘)Plg)PO
of projectives together with a quasi-isomorphism P =5 M.

Exercise 1.16. If P = ... —- P, - P, — F, is a complex of projectives,
show that P is a projective resolution of M if and only if H*(P) =2 0 for i # 0,
and HO(P) = M.

Proposition 1.17. Projective resolutions exist.

Proof. Given an arbitrary module M, we can find a free module Fy and a
surjection Py — M for example, take Py to be the free module on the set M.
This yields a short exact sequence

0>Ky—Py—>M-—=0

where K denotes the kernel. Find a free module P, and a surjection P, — Kj;
by composition this yields an exact sequence

0O—-—Ki—-P—>Fh—M-=—=0

where K; denotes the kernel of P; — K. Continuing inductively produces the
desired resolution. O

Exercise 1.18. If A is noetherian and M is a finitely generated module, show
that M has a resolution by finitely generated projectives.

Proposition 1.19. Let f : M — M’ be a map of modules. If P — M and
P’" — M’ are projective resolutions, then f lifts to a map P — P’.

Proof. Tteratively use the lifting property of projective modules. O
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Exercise 1.20 (Truncations). If M is a right bounded complex, show that there
is a strictly right bounded complex M’ with a quasi-isomorphism M ~ M’.
Show that if M is a complex of projectives, then one can take M’ to be a
complex of projectives. (Hint: if n is the largest integer for which H™(M) is
nonzero, then one can arrange for M’ to agree with M in degrees < n and be
zero in degrees > n.)

If M is a right bounded complex, a projective resolution of M is a right
bounded complex of projectives P with a quasi-isomorphism P — M.

Proposition 1.21. Projective resolutions of right bounded complexes exist.

Proof. The construction we give is known as the Cartan—Eilenberg resolu-
tion. By Exercise 1.20 we may assume that M; = 0 for ¢ > 0. First resolve
each M, individually to obtain a projective resolution P,,. The differentials in
M lift to maps P, — P,41 and this yields a double complex P. Totalising P
gives the desired resolution. O

Remark 1.22. One can also use this construction to give, for every complex M,
a complex of projectives P with a quasi-isomorphism P — M. In general, such
a complex P is not ‘nice enough’ from a homotopical viewpoint - for evidence to-
wards this see Exercise 1.27 below. The correct generalisation of ‘right bounded
complex of projectives’ to the unbounded setting is given by the concept of
h-projective complexes, which we will not discuss further.

If f,g: M — N are two maps of degree n, a chain homotopy from f to g
is a degree n — 1 map h : M — N such that Oh = f — g, where Oh denotes the
differential of h in the mapping complex Hom4 (M, N). We write f ~ g.

Say that two complexes M, N are chain homotopy equivalent if there
exists a pair of maps f: M — N and g : N — M such that fg ~ idy and
gf ~idays. A complex is nullhomotopic if it is chain homotopy equivalent to
0.

Exercise 1.23. Show that a complex M is nullhomotopic if and only if there
exists a degree —1 map h : M — M such that Oh = idyy.

Exercise 1.24. Show that if M, N are chain homotopy equivalent complexes
then they are quasi-isomorphic.

Proposition 1.25. Let f : M — N be a map of modules. If g,g' : P — Q are
two lifts of f to projective resolutions, then g and g’ are chain homotopic.

Proof. The homotopy is constructed iteratively using the lifting property. [

Corollary 1.26. If P is a right bounded acyclic complex of projectives, then P
is nullhomotopic.

Exercise 1.27. Let A be the ring k[e]/e? of dual numbers. Let M be the
unbounded complex of projective modules

B ASASAS .
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Show that M is acyclic. Show that M is not nullhomotopic. In particular,
Corollary 1.26 is false if one drops the right bounded hypothesis - essentially
because one needs a rightmost module at which to begin the induction.

Proposition 1.28. Let P, Q be two right bounded complezxes of projectives. A
map f: P — Q is a quasi-isomorphism if and only if it is a chain homotopy
equivalence.

Proof. By Exercise 1.24, we only need to prove the forwards implication, so
assume that f is a quasi-isomorphism. Let C be the cone of f, so that C is
acyclic. Hence Corollary 1.26 yields a nullhomotopy of C. But a chain homotopy
equivalence C' ~ 0 is the same thing as a chain homotopy equivalence P ~ Q. [

1.3 Homotopy categories and Ext

Definition 1.29. Let A be a ring. The homotopy category of A is the
category K~ (Proj—A) whose objects are the strictly right bounded complexes
of projectives. The morphisms are given by homotopy classes of chain maps.
We may also replace K~ by K to consider only strictly bounded complexes, or
Proj by proj to consider only those complexes of finitely generated projectives
(which is only well-behaved when A is noetherian).

Observe that the morphisms in K~ (Proj—A) are given by taking H° of the
corresponding mapping complexes.

Theorem 1.30. There is an equivalence K~ (Proj—A) — D~ (A) which is the
identity on objects.

Proof. If Ch™ (Proj—A) denotes the category of strictly right bounded com-
plexes of projectives (without taking homotopy classes), then there is an obvi-
ous functor Ch™ (Proj—A) — D(A) which sends an object to its equivalence
class in the quotient. Since quasi-isomorphic objects in the source are chain
homotopy equivalent, it descends to a functor K~ (Proj—A) — D(A). Since
every right bounded complex admits a projective resolution, and these can be
taken to be strictly bounded by Exercise 1.20, this gives an essentially surjective
functor K~ (Proj—A) — D~ (A). Fullness and faithfulness of this functor both
follow from Proposition 1.28. O

Similarly, we obtain an equivalence K~ (proj—A) ~ D~ (mod—A).
Definition 1.31. If X, Y are two objects of D™ (A), then we write
Ext’ (X,Y) :== Hompa)(X, Y[i]).

By Theorem 1.30, we may compute Ext as follows. First find projective res-
olutions P, @ of X,Y respectively. We put RHom4(X,Y) := Homa (P, @), and
it follows that Ext’ (X,Y) = H'RHom(X,Y). The complex RHom4(X,Y) is
called the (total) derived hom-complex from X to Y.



CHAPTER 1. DERIVED CATEGORIES 7

Exercise 1.32. Show that RHom4(X,Y") is well-defined as an object of D(Z),
i.e. different choices of resolution lead to quasi-isomorphic derived hom com-
plexes. *If R is a commutative ring and A is an R-algebra, show that RHom 4 (X,Y)
is well-defined as an object of D(R).

Exercise 1.33. Let X, Y be two A-modules, and let P —+ X, Q — Y be pro-
jective resolutions. Show that the natural map Homu4 (P, Q) — Homy(P,Y) is
a quasi-isomorphism. Hence, one can compute Ext by only resolving in the first
variable. Use this to show that if M, N are A-modules, there is an isomorphism
Ext% (M, N) = Hom (M, N).

Definition 1.34. A complex is perfect if it is quasi-isomorphic to a strictly
bounded complex of finitely generated projectives. We denote the category of
perfect complexes by per (A) < D(A).

By Theorem 1.30, there is an equivalence K’(proj—A) ~ per (A).

Exercise 1.35. If P is perfect and X is bounded, show that RHom 4 (P, X) is
bounded. Let A be the dual numbers and let M be the complex

B AS A A

with the rightmost A in degree zero. Show that M is a projective resolution of
k and use this to compute Ext’ (k, k). Deduce that k is not a perfect A-module.

Exercise 1.36 (Derived tensor products). Let X be a bounded above complex
of right A-modules and Y a bounded above complex of left A-modules. Let P —
X and @Q — Y be projective resolutions. Define the derived tensor product
X ®4Y to be the tensor product P®4Q. We write Tor{ (X, Y) == Hy(X®@4Y),
using homological notation.

1. Show that X ®% Y is well-defined as an object of D(Z).

2. *(Balancing of Tor). Let M be a right A-module and N a left A-module,
with projective resolutions P, @) respectively. Show that there are natural
quasi-isomorphisms M ®4Q < PR4Q — P®4 N. (Hint: use the double
complex EP? = PP ®,4 Q7). Hence, one may resolve in either (or both)
variables to compute Tor.

3. Show that if M, N are modules, then there is a natural isomorphism
Tory (M, N) = M ®4 N. (Hint: resolve in only one variable).

4. *Formulate and prove a hom-tensor adjunction for ®" and RHom.

1.4 Injective modules

Dual to the notion of a projective module is an injective module. In this section
we formulate dual versions of our above results, culminating in a version of
Theorem 1.30 for bounded below complexes of injective modules. Injective
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modules will be of use to us later in Chapter 4 when we define Gorenstein rings;
if desired the reader may skip this section until then. Injective objects more
generally are of use in situations where we may not have enough projectives, for
example in categories of sheaves arising in algebraic geometry.

Definition 1.37. A module I over a ring A is injective if, whenever I <— M
is an injection, there exists a module N < M with I & N = M.

Exercise 1.38. Show that a module is injective if and only if it has the right
lifting property with respect to injections: if N < M is an injection and N — I
is any map then there exists an extension M — I.

Exercise 1.39. *Show that Q and Q/Z are injective Z-modules.
Exercise 1.40. If A is a semisimple ring, show that every A-module is injective.

Just like every module has a projective resolution, every module M has an
injective resolution: a complex I° — I' — I? — .. which resolves M. Maps
of modules lift to maps of injective resolutions, uniquely up to chain homotopy.
One can construct Chevalley—Eilenberg type injective resolutions of bounded
below complexes. By adapting the proof of Theorem 1.30, one can show the
following result:

Theorem 1.41. Let A be a ring. There is a triangle equivalence
K*(Inj(A)) ~ D™ (A)
which is the identity on objects.

Exercise 1.42. Prove Theorem 1.41 by dualising the proof of Theorem 1.30.
You may assume the nontrivial fact that every module is a submodule of an
injective module.

Exercise 1.43 (Balancing of Ext). *Let X be a bounded above complex and
Y a bounded below complex. Let P — X be a projective resolution and Y — I
be an injective resolution. Show that there is a natural quasi-isomorphism
Homy (P, Y) — Homa(P,I). Deduce using Exercise 1.33 that one can com-
pute Ext by resolving in either variable separately, using projective or injective
resolutions as appropriate.



Chapter 2

Triangulated categories

The notion of a triangulated category is an axiomatisation of some of the prop-
erties that derived categories enjoy. As intimated above, triangulated categories
will not be completely sufficient for our uses, so we only give a sketch of the
ideas. Comprehensive discussions can be found in [Nee0l, Wei94, Yek20].

2.1 Axioms

Let k be a commutative ring. A k-linear triangulated category is a k-linear
category C together with two extra pieces of data. The first piece of data is a
linear autoequivalence 3 of C, which we call the suspension or the shift functor.
A triangle in C is a sequence of three morphisms

X—>Y—>7—-3¥X

which we will frequently abbreviate by dropping the XX term and letting the
rightmost arrow point to nowhere. A morphism of triangles is a triple of
morphisms which fits into the obvious commutative diagram. The second piece
of data is a class of exact (or distinguished) triangles. The suspension and
the shift should satisfy the following axioms:

e TRO: Exact triangles are closed under isomorphisms and under .

e TR1: The triangle X M X 0 — is exact. Every morphism f: X - Y
has a cone Z, which fits into an exact triangle of the form X — Y — Z —.
We caution that the cone need not be functorial.

e TR2: One can rotate triangles: the triangle X — Y — Z — is exact if

and only if Y - Z — ¥ X — is, where one has to flip the sign on the
indicated map.

e TR3: Given a morphism f — g in the arrow category (i.e. a commutative
square from f to g!) then there is an induced morphism cone(f) — cone(g)

9
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fitting into a morphism of exact triangles. This morphism need not be
unique.

e TR4: the famous octahedral axiom. Loosely this encodes a version of the
third isomorphism theorem, if one thinks of cones as homotopy cokernels.

Proposition 2.1. D(A) and D*(A) are triangulated categories.

Proof idea. The suspension is the shift [1]. The exact triangles are precisely
those triangles isomorphic to triangles of the form X — Y — cone(f) —. O

The intuition is that an exact triangle behaves like a rolled-up long exact se-
quence. Indeed, in our main example D(A), given a morphism f : X — Y
the induced morphism cone(f) — X[1] corresponds precisely to the connecting
morphisms in the associated long exact sequence.

Exercise 2.2. Show that cones are unique up to isomorphism. *Show that this
isomorphism need not be unique.

If f: X — Y is a morphism, with cone C, we will often refer to X ~1C' as the
cocone of f. Observe that this fits into the exact triangle X ~!C — X Ly .

Exercise 2.3. Show that X — Y — Z — is exact if and only if the rotated

triangle ¥7!Z — X — Y — is. (Hint: what happens if you rotate a triangle
three times?)

Exercise 2.4. Show that any two consecutive compositions in an exact triangle
are zero.

A triangle functor between triangulated categories is a k-linear functor
that commutes with ¥ and sends exact triangles to exact triangles.

Exercise 2.5. If X is a fixed object of D?(A), show that the functor
RHom 4 (X, —) : D(A) — D(Z)

is a triangle functor. Deduce that if Y — Z — W — is an exact triangle in
D(A) then there is a long exact sequence

= BExty (X,Y) = Ext’y (X, Z) — Exty (X, W) — Ext} (X, V) — -
of abelian groups.

We generalise the previous exercise. If T is a triangulated category, we write
Ext-(X,Y) = T(X, 2.

Proposition 2.6. Let T be a triangulated category. If X is any object of T
and Y — Z — W — is an exact triangle, then there is a long exact sequence

= BExt(X,Y) = Exti (X, Z) — Ext- (X, W) — Ext (X, Y) — -

of abelian groups.
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Proof. By rotating the triangle and applying shifts it suffices to check exact-
ness at Exty-(X, Z) = T(X,Z). The composition is zero by Exercise 2.4, and
exactness follows from completing a commutative square

X —0
|
Z —— W

to a morphism of exact triangles. O

Remark 2.7. There is a similar long exact sequence involving the Extir(—, X)
functors. It can be derived from the previous proposition using the fact that
the opposite of a triangulated category is itself triangulated.

Remark 2.8. Say that a triangulated category 7 has functorial cones if there
is a functor C' : Ar(7) — T such that for each f, the object C(f) is a cone
of f. Then a triangulated category 7 has functorial cones if and only if 7T is
semisimple abelian. This fact goes back to Verdier’s thesis [Ver96, 1.2.13|, but
Greg Stevenson has given a modern proof [Ste]. The loose idea is that having
functorial cones actually forces T to have kernels and cokernels. Then the claim
follows because monos and epis split.

Remark 2.9. For homotopy theorists: we will later say that a triangulated cate-
gory T has an enhancement if it is the homotopy category of a pretriangulated
dg category (so, roughly, if one can coherently assign derived hom-complexes
RHom7(X,Y) € D(k) to every X,Y € 7). A more general notion than this
is a topological enhancement, namely that 7 is the homotopy category of a
stable co-category (pretriangulated dg categories are precisely the k-linear sta-
ble co-categories). The classical stable homotopy category admits a topological
enhancement, but not an enhancement. Suppose that C is a stable co-category,
so that the homotopy category hC is canonically triangulated. In C, one can
make a functorial choice of cone, giving a morphism Fun(A!,C) — C. One then
obtains by taking homotopy categories a functor hFun(A!,C) — hC. There is
a comparison map hFun(A!,C) — Ar(hC), but it fails to be an equivalence, as
spelled out in [Lur|. In particular, the ‘functorial cone’ does not factor through
a morphism Ar(hC) — C, and so this does not prove that every enhanceable
triangulated category is actually abelian.

2.2 Sums and subcategories

Exercise 2.10. An extension of A by B is an object X fitting into an exact
triangle B — X — A —. Show that extensions are classified by Ext'(A, B).

Proposition 2.11. Triangulated categories have finite biproducts.

Proof. Let T be a k-linear triangulated category. It has a zero object, so we
show that 7 has binary biproducts. We define X @ Y to be the unique object
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fitting into the exact triangle X - X @Y — Y 9. Equivalently, X ®Y is the
unique extension corresponding to 0 € Ext%—(Y, X). By completing the diagram

X —wXoy — Yy 2

[ |

x 4 . x 0

to a morphism of exact triangles, we see that X is a retract of X Y. Similarly
we see that Y is also a retract. One can further extend this diagram to a diagram
with exact rows of the form

and the Nine Lemma now shows that the middle vertical triangle is exact; in
other words we have X @Y =Y & X.

If Z is a third object, apply the long exact sequence of Proposition 2.6
together with the above splittings to deduce the existence of an isomorphism
T(XY,Z2)2T(X,Z)®T(Y,Z). The fact that & is a coproduct now follows
from the Yoneda lemma. The argument for products is similar. U

Definition 2.12. If D is a triangulated category, then a triangulated sub-
category C is a full subcategory which contains 0 and is closed under shifts
and cones. The restriction of the triangulated structure to C makes C into a
triangulated category and the inclusion into a triangle functor.

Exercise 2.13. Let D be a triangulated category and C 3 0 a full subcategory.

1. Show that if C is closed under cones, then it is a triangulated subcategory
that is moreover closed under finite direct sums.

2. Show that if C is closed under shifts, then it is a triangulated subcategory
if and only if it is closed under extensions.

Let D be a triangulated category. A triangulated subcategory C of D is
called thick (or épaisse) if it is closed under direct summands. If S is a set
of objects of T, the thick closure of S is the smallest thick subcategory of T
containing S. We denote it by thickp(S) or just thick(S) when the context is
clear. When S = {X} then we write thickp(X) or just thick(X).

Proposition 2.14. thick(S) ezists.
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Proof. One sets thick; (S) to be the full subcategory on those objects which
are direct summands of objects of the form @], X%S; with S; € S. One
then inductively sets thick,1(S) to be the full subcategory given by extending
objects of thick;(S) by objects of thick,(S). Then we take thick(S) to be
then union of all the thick,(S5). O

Exercise 2.15 (Exercise 1.10, derived version). Let A be a ring and M a
bounded complex. Show that M € thick{H*(M) :i € Z}. (Hint: induct on i.)

Ezample 2.16. If A is a ring, the subcategory of per (A4) on the strictly bounded
complexes of finitely generated free A-modules is a triangulated subcategory
which is not in general thick, since it need not be closed under summands.

Proposition 2.17. Let A be a noetherian ring. Then there are equalities
per (A) = thickp4)(A) = thickps4)(A).

Proof. The second equality is easy to see so we concentrate on the first. Cer-
tainly per(A) is a triangulated subcategory of D(A), and moreover it is thick
since summands of finitely generated projective modules are finitely generated
projective. So we need only show that per (A4) C thickp(a)(A). Since the latter
is closed under sums and summands we have proj—A C thickp4)(A). But by
Exercise 1.10 we are done. O

Remark 2.18. In more general settings one often defines per (A) = thickp(4)(4).

2.3 Verdier quotients and Dy,

Suppose that F' : C — D is a triangle functor. The kernel of F' is the full
subcategory of C on those objects = such that F(z) = 0. We denote the kernel
by ker(F).

Exercise 2.19. Show that ker(F') is a thick triangulated subcategory of C.

Definition 2.20. Let D be a triangulated category and C — D a triangulated
subcategory. The Verdier quotient is the universal triangulated category D/C
equipped with a functor = : D — D/C such that C C ker(7). In other words, if
F : D — D’ is a triangle functor which kills C, then F' factors through .

Verdier quotients are also referred to as Verdier localisations, since killing
an object X is equivalent to inverting 0 — X. More generally, inverting a
morphism f is equivalent to killing its cone.

Proposition 2.21. Verdier quotients exist. The kernel of the natural projection
D — D/C is precisely thickp(C).

In particular, if C is thick, then C is precisely the kernel of the projection to
the Verdier quotient.
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Proof sketch. The rough idea is to formally adjoin inverses to morphisms whose
cone lies in C. We follow the construction given in [Nee0Ol, §2.1]. The objects
of D/C will simply be the objects of D. For two such objects X, Y, let a(X,Y)

denote the set of roofs X <~ Z % Y where f has cone in C. We think of such
a roof as a ‘fraction’ g/f. A morphism of roofs R — R’ is simply a morphism
7 — Z' making the obvious diagram commute. Declare that two such roofs
R, R’ are equivalent if they are dominated by a common roof R + R"” — R'.
Define (D/C)(X,Y) to be the set of equivalence classes of roofs. Composition
is given by homotopy pullback; a concrete model for the homotopy pullback of
Z — Y « 7' is given by the cocone of the induced map Z ® Z’ — Y. This
makes D/C into a category, with an obvious functor 7 : D — D/C which sends

f:X =Y to the roof X Mdx Ly Next, one shows that if the cone of f is

in C, then this roof is inverse in C/D to the roof Y’ Lx 9 x m particular, 7
inverts all morphisms whose cone is in C, and hence kills C. One then shows that
D/C inherits a triangulated structure from D making 7 into a triangle functor.
The universal property follows from the construction. To identify the kernel,
one direction is clear since kernels are always thick. For the other direction,
one shows that X — 0 becomes an isomorphism in D/C if and only if X is a
summand of an object of C. O

Ezample 2.22. Let K(A) denote the chain homotopy category, where the objects
are the chain complexes, and the morphisms are the chain maps taken up to
chain homotopy equivalence. This is a triangulated category in the usual way.
Let K,.(A) denote the subcategory of acyclic complexes; this is a thick sub-
category. The Verdier quotient K(A)/K,.(A) is precisely the derived category
D(A).

We can finally define the singularity category.

Definition 2.23. Let A be a noetherian ring. Then the singularity category is
the Verdier quotient
D’(mod-A)
Doy(4) 1= TR0
per (A)

The singularity category comes equipped with a natural projection map
D’(mod-A) — Dy (A) whose kernel is precisely per (A).



Chapter 3

Notions of regularity

In this section, we investigate various notions of regularity for rings and relate
these notions to the singularity category. We will restrict ourselves here to two-
sided noetherian rings, since their dimension theory avoids some pathologies
present in the general case. Our references here are [Lam99, Eis95, Mat86].

3.1 Global dimension

Let A be a ring. If M is an A-module, the projective dimension of M is
the minimal length of a projective resolution of M, where the length means
the number of nonzero modules. We denote it by pd4 (M) or just pd(M).
Evidently, the modules of projective dimension 0 are precisely the projective
modules.

Exercise 3.1. Let A be noetherian. Show that a finitely generated module M
has finite projective dimension if and ounly if M € D(A) is a perfect complex.

Exercise 3.2. If 0 - X — Y — Z — 0 is a short exact sequence, show that
pd(Y) < max(pd(X), pd(2)).

If A is noetherian, the global dimension of A is defined to be the supremum
of the projective dimensions of all finitely generated A-modules. We denote the
global dimension by gldim(A).

Exercise 3.3. If A is a principal ideal domain, show that gldim(A) < 1.

Exercise 3.4. *Show that a noetherian ring has infinite global dimension if
and only if it has a module of infinite projective dimension.

Remark 3.5. A priori, there is a left and a right notion of global dimension.
However, for two-sided noetherian rings the two concepts agree, and we will use
the two notions interchangeably.

15
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Ezxample 3.6. A ring A has global dimension zero if and only if every module is
projective. These are precisely the semisimple rings. A commutative semisimple
ring is a finite direct product of fields.

Example 3.7. If A has global dimension n, then if M, NV are two finitely generated
A-modules, we must have Ext*(M, N) 2 0 for ¢ > n. In particular, when k is a
field the ring k[z]/2? must have infinite global dimension.

Lemma 3.8. If A has finite global dimension then Dsz(A) vanishes.

Proof. Take a bounded complex M = M, — --- — M, of finitely generated
modules. By hypothesis, each M; has a bounded resolution P; by finitely gen-
erated projectives. Each differential M; — M; 1 moreover lifts to a morphism
P; — P;y1 of complexes. It follows that M is quasi-isomorphic to the totalisa-
tion of the double complex P, — --- — P,, which is clearly perfect. Hence M is
quasi-isomorphic to a perfect complex. So per(A) = D(A) and hence Dy, (A)
vanishes. O

In the rest of this part we will look for a converse to the above lemma in the
setting of commutative rings. To begin with, we will restrict ourselves to local
rings.

3.2 Commutative rings I: the local setting

If R is a commutative ring, recall that the Krull dimension of R is the supre-
mum of the lengths of all chains of prime ideals in R. If M is an R-module, we
put dim(M) = dim(R/ann(M)). In particular, since taking quotients cannot
increase the Krull dimension, we have dim(M) < dim(R).

If (R, m, k) is a commutative noetherian local ring with residue field k, then
there is an inequality dim(R) < dimg(m/m?), the dimension of the cotangent
space of R. This is the same as the minimal number of generators of the ideal
m, by Nakayama’s Lemma. In particular, we can conclude that R has finite
Krull dimension.

Say that (R, m, k) is regular if dim(R) = dimg(m/m?). In other words, this
means that the (co)tangent space of R has the correct expected dimension.

Theorem 3.9 (“Auslander-Buchsbaum—Serre”). Let R be a commutative local
noetherian ring. The following are equivalent:

1. R is reqular.
2. gldim(R) is finite.
3. Dy (R) vanishes.

Moreover, if any of the above hold, the global dimension of R is equal to its
Krull dimension.
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Remark 3.10. Here we make a historical remark. The ‘original’ ABS theorem
is (1) <= (2), which long predates the invention of singularity categories.
The implication (1) = (2) was first noticed by Buchsbaum, and the impli-
cation (2) = (1) was independently proved by both Serre and Auslander—
Buchsbaum. The equivalence of both statements with (3) and the statement
about the Krull dimension are in fact easy corollaries of the proof.

Before we give a sketch proof of the ABS theorem, we will give an interme-
diate result about regular sequences and projective dimension. Recall that a
regular sequence in a commutative ring R is a sequence of elements x1, ...z,
such that x;1 is not a zerodivisor in the quotient R/(x1,...,2;) for 0 <i < n.
Note that the ¢ = 0 case says that x; is not a zerodivisor on R.

Proposition 3.11. Let R be a commutative noetherian local ring and x4, ... T,
a regular sequence contained in m. Then pdg(R/(x1,...,2,)) = n.

Before we give the proof we first recall some facts about the Koszul complex.
If R is a commutative ring and f € R then we let K(R; f) denote the cochain

complex of R-modules R 7. R concentrated in degrees —1 and 0. If f1,..., fn
is a sequence of elements, we put

and call this the Koszul complex of the sequence f1,..., f,.

Exercise 3.12 (Exterior power description of the Koszul complex). Take a
rank n free R-module £ = R®" and let eq,...,e, be the standard R-basis for
E. Show that the Koszul complex K (R; f1,. .., fn) is isomorphic to the complex

A"E - AN"1E ... 5 A'E S A°E=R
with differential induced by the map which sends

e N Neiy = Y (=DFfieq Ao NE A Ney,
k

where the tilde denotes omission of the corresponding factor.
The key fact for us will be the following. We omit the proof.

Theorem 3.13. If fi,...,f. is a reqular sequence then the Koszul complex
K(R; f1,..., fn) is a resolution of the quotient R/(f1,..., fn).

Proof of Proposition 3.11. The Koszul resolution of R/(f1,..., fn) is a length n
projective resolution, so we see that pdg(R/(z1,...,2,)) < n. It will suffice to
prove that if M is an R-module and x € m a nonzerodivisor on M then we have
an inequality pd(M/xz) > 1 4+ pd(M); we then obtain the desired inequality
pdir(R/(x1,...,2,)) > n by induction. To prove this statement, first observe
that since z is not a zerodivisor on M the sequence M = M — M /x is exact. If
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d denotes the projective dimension of M, then we can find another R-module N
such that Extd(M , ) is nonzero. Consider the associated long exact sequence

= BExt®(M, N) 5 BExt®(M, N) — Ext®™ (M/z,N) = 0

Nakayama’s Lemma tells us that multiplication by z on Ext(M,N) is not
surjective, and so its cokernel Ext®™! (M/z, N) does not vanish. Hence we have
an inequality pd(M/x) > d, as required. O

Sketch proof of Auslander—Buchsbaum—Serre. Let m be the maximal ideal of R
and k = R/m the residue field. The proof relies on the key equality

gldim(R) = pdy (k)

which can be proved via an argument with Tor-dimension. We deduce that (2)
and (3) are equivalent: we have already observed one direction of the proof, and
the other follows since if Dy, (R) vanishes then certainly k has finite projective
dimension.

Assume now that (1) holds, i.e. that R is a regular local ring. Take a minimal
set of generators x1,...,x4 for the maximal ideal m. Because R is regular, we
have d = dim(R) by hypothesis. The z; in fact form a regular sequence on R,
so by Proposition 3.11 we have d = pdy(k). By the key equality, we see that
both (2) and the statement about Krull dimension hold.

We are left to show that (2) implies (1). This is the hard part of the proof;
we omit the argument which, roughly, is an induction on gldim(R). O

Corollary 3.14. If R is a commutative noetherian reqular local ring and p is
a prime ideal of R, then the localisation Ry is also regular local.

Proof. Resolutions localise so we have gldim(R,) < gldim(R) < cc. O

3.3 Commutative rings II

Now we move to the global setting.

Theorem 3.15 (“Global Auslander-Buchsbaum-Serre”). Let R be a commuta-
tive noetherian ring. The following are equivalent:

1. The localisation Ry is regular for every m € MaxSpec(R).

2. The localisation Ry, is regular for every p € Spec(R).

8. Every finitely generated R-module has finite projective dimension.
4. Dsg(R) vanishes.

Moreover, if any of the above hold, the global dimension of R is equal to its
Krull dimension.

If R satisfies any of the above equivalent conditions, we call R regular.
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Sketch proof of global ABS. The equivalence of (3) and (4) is clear. Since resolu-
tions localise, if (4) holds then every Dgg(R)) also vanishes, and hence (2) holds
by ABS. Clearly (2) implies (1) so we only need to show that (1) implies (3). One
first proves, by a compactness argument, that for every finitely generated R-
module M there exists a maximal ideal m of R such that pdp(M) = pdg_(My).
Hence if each Ry, is regular, then (3) holds by ABS again. The statement about
Krull dimension follows from the equalities

gldim(R) = sup gldim(Ry,) = supdim(Ry,) = dim(R)

m
where in the second equality we are using ABS for one final time. O

Note that we have not proved that a commutative noetherian regular ring
must have finite global dimension. In fact this is false! Nagata gave an example
of a commutative noetherian regular ring R with infinite Krull dimension (and
hence, by global ABS, global dimension). Each localisation of R must have finite
- but arbitrarily large - global dimension. Although Dy, (R) vanishes, it does
not vanish in a ‘uniform’ way, in the sense that one cannot uniformly bound the
projective dimension of all finitely generated modules.

Example 3.16 (Nagata [Nag62]). Let I, C N denote the interval [27~1 2" —
1], which has length 2"~ !. Let A = C[z1,z2,---] be the infinite-dimensional
polynomial ring and for each n € N let p,, denote the ideal generated by {z; :
iel,}. Put S := A/U,p, and put R := Ag the localisation. Since p, has height
27~1in A it follows that R has infinite Krull dimension. To prove that it is
regular, first use the Prime Avoidance Lemma to show that every maximal ideal
of R is of the form p,, R, so that we need to check that each A, is regular; this
holds since it is a localisation of a regular ring. To prove that it is noetherian
boils down to checking that each A, is noetherian; again this holds since it can
be written as a localisation of a noetherian ring.

Remark 3.17. Suppose that k is a field and R is a finite type k-algebra. If k is
perfect (for example, characteristic zero, algebraically closed, or finite) then R
is regular if and only if R is smooth over k. Without the perfectness assumption
this is no longer true; for example, the variety 22 — y? = ¢ defined over the field
Z/2(t) is regular but not smooth.



Chapter 4

Buchweitz’s stable category

In this chapter we give an alternate description of the singularity category,
which works for Gorenstein rings. The original (and very good) reference here
is [Buc86]; see also the new and updated version [Buc21]. If you are a represen-
tation theorist then see also [Bel00] for some significant generalisations.

4.1 Gorenstein rings and depth

Recall from Section 1.4 the notion of an injective module. Dually to projective
dimension, one can define the injective dimension of a module M as the
minimal length of an injective resolution of M. We denote this number by
id4 (M) or just id(M) when relevant.

Remark 4.1. Tt is a nontrivial fact that gldim(A) = sup,;id4 (M), where the
supremum is taken over all A-modules M.

Definition 4.2. A two-sided noetherian ring A is Gorenstein or Iwanaga—
Gorenstein if the A-module A has finite injective dimension over A, as both a
left and a right module.

Remark 4.3. If A is Gorenstein, then a theorem of Zaks states that the right
injective dimension of A must agree with the left injective dimension of A. In
general, the injective dimension may be infinite on one side and finite on the
other. See [Zak69| for further discussion.

In the remainder of this section, our goal is to give an alternate characterisa-
tion of commutative Gorenstein rings in terms of an invariant called depth. This
will also be of use later when discussing matrix factorisations. For the rest of
this section, let (R, m, k) be a commutative noetherian local ring. The depth of
an R-module M is the smallest number i for which Ext’(k, M) is nonzero. Note
that depth(M) may be infinite - clearly the zero module has depth(0) = oco.

Example 4.4. A module M is depth zero precisely when there exists a nonzero
map k — M. This is equivalent to the existence of x € M with xm = 0.

20
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Theorem 4.5 (Rees). If M is finitely generated, then the depth of M is the
length of a maximal M -regular sequence x1,...x, with all x; € m.

Proof idea. This is by induction on the depth of M - one shows that if x € m
is a non-zerodivisor then depth(M/z) = depth(M) — 1. This computation is
similar to the proof of Proposition 3.11. U

Corollary 4.6. If M # 0 is finitely generated, there is an inequality
depth(M) < dim(M).

Proof. If x is not a zerodivisor on M, we have dim(M/z) = dim(M) — 1. An
induction now shows that dim(M/(z1,...,2,)) = dim(M)—n for any M-regular
sequence. The left hand side is at least zero, so we have n < dim(M). O

Say that a module M is Cohen—Macaulay (or just CM) if it satisfies
depth(M) = dim(M). Say that M is maximal Cohen—Macaulay (or MCM)
if depth(M) = dim(R). By convention, we also say that 0 is an MCM module.
Say that R is Cohen—Macaulay if the R-module R is CM (in which case it is
necessarily MCM).

Remark 4.7. One can extend the above definitions to non-local rings by saying
that M is (M)CM whenever all of its localisations at primes are so.

Ezxample 4.8. A regular local ring is CM, since in this case m is generated by a
regular sequence of length dim(R), which implies that depth(R) > dim(R).

Ezxample 4.9. A commutative Artinian ring is CM, since it has Krull dimension
zero. Every module is MCM.

Theorem 4.10 (Auslander—Buchsbaum formula). If M is a nonzero module of
finite projective dimension, then there is an equality

depth(M) + pdz(M) = depth(R).

Proof idea. Induct on the projective dimension of M. At the induction step one
uses a characterisation of depth in terms of the Koszul complex for m. O

Corollary 4.11. Let R be a Cohen—Macaulay ring and M an MCM R-module.
Then M is either projective or has infinite projective dimension.

Example 4.12. Let R be a commutative Artinian ring. Then every R-module
is either projective or has infinite projective dimension. For example, one can
take R = kG for G a finite abelian group and k a field; this fact is well known
when char(k) does not divide the order of G, in which case kG is semisimple
and hence every module is projective.

Now we are ready to link CM rings to Gorenstein rings:

Theorem 4.13. Let R be a commutative noetherian local ring with residue field
k, of Krull dimension n. The following are equivalent:
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1. R is Gorenstein.
2. R has injective dimenston n.
3. R is CM and Exty(k,R) ~ k.

We omit the proof, which uses an induction on the dimension and some facts
about dualising modules. As an immediate corollary, we see that a commutative
Gorenstein ring is CM.

Ezample 4.14. A commutative noetherian ring R is lei (local complete intersec-
tion) if for every prime p, the completion R,, is of the form A/(ay,...,a,) where
A is regular complete local and the z; are a regular sequence. The obvious
class of examples of lci rings is given by the global complete intersections, i.e.
the rings of the form R = k[x1,...,2,]/(f1,..., fr) where the f; form a regular
sequence (which in this setting is equivalent to dim R = n — r). In particular,
hypersurfaces (the case r = 1) are lci. All lci rings are Gorenstein: to see this,
first note that being Gorenstein is a complete local property, so it suffices to
check that a complete intersection is Gorenstein. This is a computation with
the Koszul complex.

Remark 4.15. In general there exist CM rings which are not Gorenstein, and
Gorenstein rings which are not Ici; examples can be found even in Artinian
rings.

We give a useful alternate characterisation of MCM modules:

Theorem 4.16. Let R be a commutative Gorenstein local ing and M a finitely
generated R-module. Then the following are equivalent:

1. M is MCM.
2. There is a natural quasi-isomorphism RHom 4 (M, A) ~ Hom 4 (M, A).
3. BExty(M,A) =0 fori>0.

Proof idea. The equivalence of (2) and (3) is clear, so we focus on the equivalence
of (1) and (2). For a local CM ring R with finitely generated module M, local
duality tells us that M has maximal depth if and only if Ext*(M, w) vanishes for
all © > 0. Here w denotes a dualising module for R, which exists since R is CM.
(The dualising complex is then w[dim R]). A Gorenstein ring is precisely a
ring where R is a dualising module for R. O

In the noncommutative setting, we may use the second criterion as a defini-
tion of what it means to be MCM:

Definition 4.17. A module M over a Gorenstein ring A is maximal Cohen—
Macaulay (or just MCM for short) if there is a natural quasi-isomorphism
RHomy (M, A) ~ Homu4 (M, A).
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4.2 The stable category

Suppose from now on that A is a Gorenstein ring. Let M be a finitely gen-
erated module. A syzygy of M is a module QM which fits into a short exact
sequence of the form

0—-QM P —-M—0

where P is a finitely generated projective. Observe that one can stitch together
the syzygy exact sequences for all 2°M into a projective resolution of M.

Exercise 4.18. Show that if QM is a syzygy of M then so is Q ® QM for any
finitely generated projective module Q.

Lemma 4.19. If M is MCM then so is QM.
Proof. The defining short exact sequence yields an exact triangle
RHompg (M, R) — RHompg(P, R) — RHomg(QM, R) —
and examining the corresponding long exact sequence, one sees that 2M must

be MCM. O

One can define the stable category of MCM modules MCM(A) to have
objects the MCM A-modules, and morphisms given by

Hom(M, N)
(morphisms which factor through a projective module)

Hom (M, N) =

In particular, projective modules go to zero in MCM(A). Observe that MCM(A)
is a subcategory of the larger stable category mod(A), defined analogously.

Lemma 4.20. There is a well-defined functor Q on MCM(A) which sends an
object to its syzygy.

Proof. Schanuel’s Lemma shows that any two syzygies X, Y of a module M are
stably equivalent, in the sense that X & Q 2 Y @ Q' for some projective (or
free) modules @, Q'. Hence they define the same object in the stable category,
and so () is well-defined. Functoriality is easy to see. O

Lemma 4.21. There is a functor . : MCM(A) — Dgg(A) which is the identity
on objects. It sends the Q functor to the inverse shift functor [—1].

Proof. The projection MCM(A) — Dgg(A) clearly kills projective modules
so factors uniquely through the stable category; ¢ is the factoring map. By
definition of €2 there is an exact triangle

QM — P — M —
in D¥(A) which induces an exact triangle

SOM — 0 — oM —

in Dgs(A). Hence the connecting map ¢M — (¢QQM)[1] is an isomorphism. [
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Theorem 4.22. . is an equivalence. Hence MCM(A) is a triangulated cate-
gory, with shift functor the ‘inverse syzygy’ Q1.

The proof passes through an intermediate category K,.(projA), the homo-
topy category of acyclic complexes of finitely generated projective modules.

Proposition 4.23.

1. There are functors §; : Kac(projA) — MCM(A) which send a complex
X to the cokernel of d': X 71 — X" We have Q;(X[j]) ~ Qi—; X.

2. There are triangle functors o; : Kuc(projA) — Dgg(A) which send a com-
plex to its brutal truncation at i. In other words, (o;X)’ is X7 for j <i
and 0 otherwise.

3. We have 1;(X) = o_;(X)[—1].

Proof. First observe that we obviously have functors €; : Ch,.(projA) — mod(A)
which satisfy the required conditions. If f : P — @Q is nullhomotopic then the
map €, f factors through a projective module, so that they descend to functors
Q; : Kye(projA) — mod(A). The compatibility with shifts is clear. To see that
the images are MCM, observe that we have isomorphisms

Ext/, (€, X, A) = Ext/"*(Q;_ X, A)

for all 7 > 0 and k£ > 0. In particular we see by taking k& > 0 that these Ext
groups vanish, and hence ;X is MCM. Claim (2) is easy to see, and claim
(3) follows from the fact that for X € K,.(projA), the complex o;(X)[i] is a
projective resolution of Q_; X. O

We remark that part (1) of the preceding proposition tells us that ‘high
enough syzygies of an arbitrary module are MCM’.

Proposition 4.24. The functor og is a triangle equivalence.
Before we prove this, let us show how this yields a proof of Theorem 4.22.

Proof of Theorem 4.22. By Proposition 4.24 and Proposition 4.23 it suffices to
prove that 2 is an equivalence. It is faithful by Proposition 4.24, so it remains
to check that Qg is full and essentially surjective. To do this we introduce the
notion of the complete resolution of an MCM module M. This is glued
together out of the data of

1. A projective resolution P — M
2. A projective resolution Q — MV

where we denote MV := Homa (M, A). Since M is MCM, its dual MV is MCM,
and moreover M is reflexive: we have a natural isomorphism M — MVV. Du-
alising the projective resolution @ hence yields a quasi-isomorphism M — QV.
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Composing P —+ M — @V hence yields a quasi-isomorphism. A complete
resolution for M is the corresponding acyclic complex

CR(M) = cocone(P — Q") € K,.(projA)

We caution that this is merely notation, although by choosing functorial pro-
jective resolutions CR can be upgraded to a functor. Clearly we have an iso-
morphism QyCR(M) ~ M, and hence € is essentially surjective. To show
fullness, let f : M — M’ be a map between two MCM modules. By lifting both
f and fY to maps of projective resolutions, we can lift f to a map of complete
resolutions. O

Proof of Proposition 4.24. We need to show that oq is fully faithful and essen-
tially surjective. For essential surjectivity, take an object X of the singularity
category, which we may assume is a bounded and strictly right bounded com-
plex of finitely generated projectives. Observe that, for every k, the complexes
X and o X differ by a perfect complex and hence are isomorphic in the singu-
larity category. For k < 0, we see that M = H*(0,X) ~ 03X is MCM since
high enough syzygies are MCM as in Proposition 4.23(1). Completing o1 X to
a complete resolution of M and then shifting yields an acyclic complex Y with
ooY ~ oY ~ o0, X ~ X, as desired.

For fully faithfulness, we apply a theorem of Verdier stating that it is enough
to show that if P is a perfect complex and X € K,.(projA), then there exists a k
such that Homps (4 (01X, P) =~ 0. By taking shifts and cones we can reduce to
the case that P is a projective module concentrated in degree —:i. Taking k > i,
in this case, the claim amounts to checking that the Ext group Extz(ﬂ,i,lX , P)
vanishes. But this is the case since P is finitely generated projective and the
module Q_;_1X is MCM. O

4.3 Stable Ext

Since it is a triangulated category, the stable category MCM(A) admits a notion
of Ext groups, which we denote by Ext and refer to as the stable Ext groups.
One pleasing fact about them is the following:

Proposition 4.25. Let A be a Gorenstein ring and M, N two MCM R-modules.
1. For j > 0, there are natural isomorphisms M{L‘(M, N) Extf;‘(M, N).
2. Forj < —1 there are natural isomorphisms Ext’, (M, N') = Torfj_l(N, MVY).
8. There is a four-term exact sequence

0 — Ext'(M,N) = N®4 MY — Homu (M, N) — Ext’(M, N) — 0.

Proof. In what follows we let CR(X) denote a complete resolution for X. Since
MCM(A) is equivalent to K,.(proj(A)), we have isomorphisms

Ext’(M, N) = H'Hom(CR(M), CR(N))



CHAPTER 4. BUCHWEITZ’S STABLE CATEGORY 26

Let P be a projective resolution for N and ) a projective resolution of NV. The
description of CR(N) as a mapping cocone of the natural morphism P — QV
gives us an exact triangle

Hom 4(CR(M), CR(N)) — Hom4 (CR(M), P) — Homu (CR(M), Q") —

in D(Z). Since A is Gorenstein, the complex Hom4(CR(M), Q") is actually
acyclic - morally this is since QV is close to being an injective resolution of IN.
Hence we obtain a quasi-isomorphism

Hom 4 (CR(M),CR(N)) ~ Hom4(CR(M), P)

Now let P’ be a projective resolution of M and Q' a projective resolution of
MY. We obtain an exact triangle

Hom 4 (Q", P) — Homu (P’, P) — Hom4(CR(M), P) —
There is a natural map
P®a Q/ 2P®a Q/\/V — HomA(Q’V,P)

which is a quasi-isomorphism since P and @’ are bounded above complexes
of finitely generated projectives. The exact triangle above becomes an exact
triangle

N @4 MY — RHom (M, N) — Hom4(CR(M),N) —
which finally yields a long exact sequence
o = Tor® (N, M") — BExtY, (M, N) — Ext!(M,N) — - - -
which gives the desired statements. O

Remark 4.26. Buchweitz calls the stable Ext groups the Tate cohomology
groups, since they generalise the following construction. Let k£ be a field of
characteristic zero and G a finite group. If M is a G-module then we can
consider its group homology He(G, M) and its group cohomology H*(G, M).
There is a norm map Ho(M,G) — H(G, M) and the Tate complex H(G, M)
is defined to be the cone of the induced map Ho(G, M) — H*(G,M). In this
case, the group ring kG is Gorenstein, and we have FAF(G7 M) = Mig(k, M).



Chapter 5

Matrix factorisations

Here we give our third main construction of the singularity category, which works
for hypersurfaces. References here include [Dycll, Sym22, BJ16] or the original
[Eis80]. We will make use of the following fact from commutative algebra:

Proposition 5.1. A projective module over a commutative local ring is free.

5.1 Periodicity

In this part, k is a field. In what follows we will put A := kzy,--- ,2z,] and
R = A/o for some o € m%. The condition that o has order two implies that
the unique closed point of R is a singular point. We call R a complete local
hypersurface singularity. Since R is clearly lci it is a Gorenstein ring.

Lemma 5.2. An R-module M is MCM if and only if pd 4 (M) = 1.

Proof. Use the Auslander—-Buchsbaum formula along with the fact that, since
R is lci, we have dim(A) = 1 + dim(R). O

Eisenbud was the first to notice the following surprising fact:

~

Theorem 5.3. If R is a complete local hypersurface singularity then Q2 = id
as endofunctors of MCM(R).

In order to prove this, we introduce the main object of study of this part.

Definition 5.4. A matrix factorisation of o is a free finitely generated Z/2-
graded A-module X together with an odd A-linear map d : X — X satisfying
d?> =idy -o.

More concretely, a matrix factorisation is a pair (F, G) of finitely generated
free A-modules and two maps ¢ : F — G and ¢ : G — F such that ¢y = oidg
and Y¢ = oidp.

27
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Example 5.5. For the nodal cubic 0 = y? — 2% — 23 in the plane, one matrix
factorisation is )
o (y x4z
o=uv=(2 1)

If M is an A-module, we put M :== M ®4 R = M/o.

Lemma 5.6. If X is a matriz factorisation of o, then the corresponding 2-
periodic diagram

REURS FRLNS SN ANUNG SN
is an acylic complex of free finite rank R-modules.

Proof. The diagram is a complex since d> = o. It is obviously a complex of
free finite rank R-modules so we are left to check the exactness. By symmetry
it suffices to check the exactness at X,. To do this, let a € Xy be such that
a € kerdy. This is equivalent to asking that doa = ob for some b € X;. Hence
we see that

oa = dldoa = d10'b = dldodlb = O'dlb

Since ¢ is not a zerodivisor in A, it follows that a = d;b, and hence @ = d;b, as
required. O

Proof of Theorem 5.3. Tt suffices to show that every MCM R-module M, with-
out free summands, has a 2-periodic free resolution. By Lemma 5.2, M admits

a two-step A-free resolution X Go, Xy — M. Multiplication by ¢ annihilates
M, so is nullhomotopic on the resolution. This nullhomotopy is witnessed by a
map di : Xg — X7 which fits into a commutative diagram

X1*>X0

[l

X1*>X0

and hence (Xo, X1,dg,d1) is a matrix factorisation of o. By Lemma 5.6, the
complex

DX I XD X,
is a 2-periodic free resolution of its cohomology coker(dy) = M. Since A — R is

a quotient map, it is an epimorphism, and hence the natural map R®4 R — R
is an isomorphism. It follows that M = M as R-modules. O

Remark 5.7. If A is a noetherian local CM ring, and ¢ a non-zerodivisor in m4,
then the above proof shows that every MCM A/o-module admits a 2-periodic
resolution constructed using matrix factorisations. On the other hand, typically
one wants A to be a regular complete local k-algebra; the Cohen structure
theorem then gives an isomorphism A ~ k[z1,...,z,].
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Remark 5.8. The converse of Theorem 5.3 is also true: if R is a complete local
Gorenstein ring with QP = id for some p > 1 then R is actually a hypersurface
singularity. The proof uses a criterion of Gulliksen [Gul68].

We finish with the useful observation that for a matrix factorisation X, the
matrices dp and d; are necessarily square:

Lemma 5.9. If X is a matrixz factorisation of o, then Xog = X1 as A-modules.

Proof. Putting Xog =2 A™ and X; = A™, we want to show that n = m. If K
denotes the fraction field of A, then base changing to K gives us a pair of K-
vector spaces K", K™ and linear maps K™ — K™ and K™ — K™ such that the
composite maps K" —- K™ — K™ and K™ — K" — K™ are isomorphisms.
This immediately implies that n = m, as desired. O

5.2 The homotopy category

The category of matrix factorisations admits a notion of mapping complex: if
X, Y are matrix factorisations we put

Homi(X7 Y) = HOHIA(Xm Y%) S2] HOIIIA(Xl, Y1+i)
where we take the indices mod 2. The differential is given by the usual formula
O(f) = dy f = (~D)VI fdx.
Exercise 5.10. Check that this is actually a differential.

We let MF (A, o) denote the homotopy category of matrix factorisa-
tions: the objects are the matrix factorisations of ¢ and the morphisms are
the homotopy classes of chain maps in the mapping complexes. Observe that
MF(A, o) has a shift functor ¥ which sends (Xo, X;1) to (X1, Xp). Clearly
¥? =id.

Theorem 5.11. There is an equivalence
C:MF(A,0) - MCM(R)

which sends a matriz factorisation to coker(dy). It sends ¥ to Q = Q=1 and
hence makes MF(A, o) into a triangulated category.

Proof. To construct the functor we can argue as follows. If X is a matrix
factorisation, we let ¢X € K,.(projR) be the acyclic complex

dy 5 di o do o di o di
SN NG NG NG . N

The assignment X — cX is functorial, since, as in the proof of Proposition 4.23,
if two morphisms of matrix factorisations are homotopy equivalent then their
difference factors through a projective module. The functor C is then the compo-
sition of ¢ with the equivalence Qg : Ky (projR) — MCM(R). In particular, we



CHAPTER 5. MATRIX FACTORISATIONS 30

see that C(X) ~ coker(dp). It is easy to see that ¢(XX) ~ (¢X)[1] ~ (cX)[-1],
and hence C(XX) ~ QC(X). During the proof of Theorem 5.3, we showed that
C was essentially surjective, so to finish we need to show that it is fully faithful.

For fullness, let f : M — N be a map in the stable category. Find matrix
factorisations X,Y with C(X) = M and C(Y) = N. Lifting f to a map of
resolutions

X1L>X0

@d |

Y1 *0>Y0

defines a morphism f : X — Y of matrix factorisations which lifts f.
Faithfullness is the hardest part of the proof. For this we introduce some
notation: if X is a matrix factorisation, we let C(X) denote the complex

dy o di. o do o
RN AN NG &

which is a 2-periodic free resolution of the MCM module C(X). Take two maps
frg: X =Y with Cf = Cg. We want to prove that they are homotopic in
MF (A, o). Extending f periodically gives a map C(f) : C(X) — Y. Since C(f)
is a resolution of C(f) = C(g), we obtain a chain homotopy h : C(f) ~ C(g).
If this chain homotopy were 2-periodic, we would be done, since it would lift
to a homotopy of maps of matrix factorisations. In fact, we don’t need full
periodicity of h; writing h = (hq, ha, hs,...) in components, it is enough that
hs = hy. By modifying h a little we can ensure this, and hence (hi, he) gives a
homotopy f ~ g. U

Remark 5.12. A very general construction of the homotopy category of matrix
factorisations is given in [BJ23].

5.3 Knorrer periodicity

Here we let k be algebraically closed and of characteristic not 2.

Theorem 5.13 ([Kno87]). There is a triangle equivalence
MF(k[z1,...,2,],0) ~ MF(k[x1,..., 20,9y, 2],0 + y* + 2%)

The proof will be quite hands-on. In what follows we will set A = k[x1,...,2,]
for brevity. We will write A(y) = k[x1,..., 2y, y] and similarly for A(y,z). We
do not use the notation Afy] since, as is well known, the two rings k[, y] and
E[«][y] are not isomorphic.

Lemma 5.14. Suppose X is a matriz factorisation such that XX ~ X. Then
X is isomorphic to a matriz factorisation of the form (w,w).
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Proof. Let (a, ) be components of an isomorphism X — ¥X. Then (Sa, af)
is an automorphism of X. Without loss of generality X is indecomposable, so
the maximal semisimple quotient of the endomorphism ring of X is a copy of k.
So put (Ba, aB) = (id,id) + (f1, f2) with f; in the radical of the endomorphism
ring. It follows that af; = foa and Bfs = fi5. Let p be a power series
expansion for (14 z)~2 and consider the new morphisms o/ = ap(f1) = p(f2)o
and 8 = fp(f2) = p(f2)B. These new morphisms define a morphism X — XX
with the property that (5'a/,a’s’") = (id,id). Since the endomorphisms of X
are a product of power series ring, we may take a square root v of @’. Then we
set w =Py =7""oy " O

If X is a matrix factorisation of o, we let GX = (w,w) denote the matrix
factorisation of o + y? where
y v
w =
<¢ —y>

This notation means that w is a block matrix, where y denotes yId. Given
a morphism f : X — Y, we let Gf : GX — GY be the morphism with

components
(6 1) (6 1)
0 fi/)’\0 fi

We omit the check that G defines a functor. In fact it is a triangle functor; the
natural isomorphism G¥ ~ ¥.G = G is given by the matrix

(9

We also let p denote the restriction functor from factorisations of o + y? to o;
concretely we have p(X) = X/y. Let 7 be the involution of A(y)/(c + y?) that
sends y — —y.

Lemma 5.15. 1. poG~ide X.
2. If X is nontrivial and indecomposable, then GpX ~ X & 7X.
3. The image of G consists of those matriz factorisations with Y ~ 7Y
4. If Z is an indecomposable factorisation of o + y? then ©Z ~ 7Z.
We omit the proof (claim 3 relies on another power series trick).

Corollary 5.16. Let X be an indecomposable factorisation of o + y>. If we
have ¥ X ~ X, then X is in the image of G.

Proposition 5.17.

1. Let X be an indecomposable factorisation of . Then GX is decomposable
if and only if XX ~ X; in this case we have GX ~Y & XY for some
indecomposable Y with XY #£Y.
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2. Let U be an indecomposable factorisation of o + y%. Then pU is decom-
posable if and only if XU ~ U; in this case we have pU ~V & XV for
some indecomposable V. with XV £ V.

Proof. For the first claim, suppose first that ¥X ~ X. Then by Lemma 5.14
we may write X ~ (w,w). In this case we have

GX ~ (w+iy,w —iy) ® (w — iy, w + iy).

We need to prove that Y = (w + iy,w — iy) is indecomposable and XY # Y.
The isomorphisms

XBYX ~pGX ~ pY & pXY ~ pY & XpY

show that pY is indecomposable, and hence Y must be indecomposable. More-
over, if XY ~ Y then Y must be in the image of G by Corollary 5.16, so writing
Y = GY’ and applying p to GX ~ GY’' ® GXY’, we obtain an isomorphism

XXX ~Y' aXYV/'eXY' Y’

which shows that the left hand side has at least four nontrivial summands, which
contradicts the indecomposability of X.

Conversely, if GX is decomposable, with a nontrivial indecomposable sum-
mand Z, then pZ is a summand of pGX ~ X @& ¥ X. Hence it is either X or
> X. We also have ¥pZ ~ pXZ ~ pr7Z ~ pZ and hence X ~ ¥ X.

The proof of the second claim is similar and uses the observation that if
2U ~ U then U is in the image of G, so pU ~ V& XV by the above Lemma. [

Now we move on to the case where we add two new quadratic terms. To
begin the proof, we put © = y + iz and v = y — iz so that ¥ + 22 = wv. If
X = (¢, %) is a matrix factorisation of o, denote by HX the matrix factorisation

6 %) G o)

of 0 + uv. Given a morphism f: X — Y, welet Hf : HX — HY be the

morphism with components

fo O fo O
0 fi)’\0 fi
We omit the check that H defines a functor. We denote
G1:MF(A,0) — MF(A(y), o + 3?)
Gy : MF(A(y),0 +y*) = MF(A(y, 2), 0 + y* + 2%) =~ MF(A(u,v), o + uv)

and p1, po similarly. The following are easy checks:

Lemma 5.18.
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1. GQGlﬁH@EH
2. pipoH ~id X.
8. YH ~ HY.

Proof of the main theorem. Lemma 5.18(3) shows that H is a triangle functor,
and Lemma 5.18(2) shows that it is faithful. We omit showing that H is full
- it is a standard argument about factoring maps through projective modules,
combined with some power series manipulations. For essential surjectivity, it
suffices to show that H induces an bijection on isoclasses of indecomposable
objects. To see this, let X be an indecomposable factorisation of ¢. Then
G2G1 X ~ HX & XHX is decomposable, so by Proposition 5.17 it has exactly
two indecomposable summands. Hence HX is indecomposable. On the other
hand, if Y is an indecomposable factorisation of ¢ +wuwv, then Y is a summand of
Gap2Y by Lemma 5.15. Similarly, p2Y is a summand of G1p1Y’, and it follows
that Y is a summand of GoG1p1p2Y =~ Hpip2Y & HXp1p2Y. In particular,
Y appears as an indecomposable summand of some HX. To finish, suppose
that X, X’ are indecomposable factorisations of o, with HX ~ HX’. We want
to show that X ~ X’. Applying p1p> to the isomorphism HX ~ HX' shows
that X ~ X’ or X ~ ¥X’. We are done unless X ~ XX’ and £X # X.
In this situation it follows that G1X is indecomposable by Proposition 5.17.
Now GoG1 X ~ HX & YHX has exactly two indecomposable non-isomorphic
summands by Proposition 5.17 again, and hence HX % YHX. But we have
HX ~HX' ~ HY X ~ YHX, which is a contradiction. O

Ezxample 5.19. A simple singularity is a hypersurface singularity of the form
g(z,y) + 22 + -+ + 22, where g defines a simple plane curve singularity (i.e.
g has a term of order two or three). The two-dimensional simple singularities
are precisely the Kleinian singularities (see Chapter 9 for more about these).
Knorrer periodicity shows that all simple singularities are singular equivalent to
either their defining simple curve singularity or a Kleinian singularity.

Remark 5.20. Over C, Kalck has shown that all singular equivalences between
complete local isolated Gorenstein singularities of different Krull dimension
come from Knorrer periodicity [Kal21].



Chapter 6

Differential graded categories

All of the triangulated categories we have considered thus far are in fact exam-
ples of dg categories, in that, roughly, they have homotopy coherent notions of
mapping complexes. As we will later see, this allows us to extract quite fine in-
formation from them. In this chapter we set up the relevant dg category theory
needed as background. Our references here are [Kel06, Toé11, Dri04]. In this
chapter, k£ will be a fixed commutative base ring. Unadorned tensor products,
homs, etc. are to be taken over k.

6.1 First definitions

Recall that the category of complexes Ch(k) is a monoidal category under the
tensor product of complexes: we have (X ® Y); = @, ,—; Xp ® Yy with
differential defined analogously. The unit is the complex k& concentrated in
degree zero.

Definition 6.1. A dg algebra is a monoid in (Ch(k),®): in other words it
is a chain complex A together with a multiplication map p: A® A — A and
a unit map e : k — A satisfying associativity and unitality. We also ask that
these be chain maps; for u this gives the Leibniz rule and for e this says that
d(1) =0.

Exercise 6.2. Let A be a complex and p: A® A — A a morphism. Write
w(x,y) = x.y. Show that p is a chain map precisely when it satisfies the Leibniz
rule d(z.y) = dx.y + (1)@ dy.

Definition 6.3. A k-linear dg category is a category C enriched over the
monoidal category (Ch(k),®) of complexes with the usual tensor product. In
other words, to every pair of elements (x,y) € C?> we assign a chain complex
C(z,y), to every triple (x,y, z) we assign a chain map

Hayz : C(z,y) ® C(y, 2) — C(a, 2)

34
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satisfying associativity, and for every x € C we assign a map 7, : k — C(z,x)
which is a unit with respect to composition.

Exercise 6.4. Draw the diagram for associativity of the u. Use this to write
down an equation expressing associativity.

Note in particular that for any object « € C, the complex C(x,x) naturally
has the structure of a dg algebra under the multiplication i, -

Definition 6.5. A dg functor F' : C — D between two dg categories is a
Ch(k)-enriched functor; i.e. a map of objects F' : ob(C) — ob(D) together with,
for every pair (z,y) € C%, a map of complexes F,, : C(x,y) — D(Fz, Fy). We
require that F' satisfies the associativity condition

UFg Fy Fz 0 (Fay @ Fy2) = Fps 0 gy,
and the unitality condition F, o 1y = Npg.
In particular, a dg functor F' : C — D induces dg algebra morphisms
Fyp :C(z,x) = D(Fx, Fx)
for every x € C.
Ezample 6.6. Examples of dg categories include:

e Ch(k) itself, with the usual notion of mapping complexes. More generally,
if A is a k-algebra then Ch(A) is a dg category.

e If C is a dg category then so is C°P.

e If X is a topological space with a sheaf of k-algebras O, then the category
Ch(O) of complexes of sheaves of O-modules is a dg category.

e A dg category with one object x is the same thing as a dg algebra End(x).
The inclusion of dg algebras into dg categories is fully faithful.

Ezample 6.7. DG categories can be thought of as many-object dg algebras, in
the following sense. A dg category C is equivalently the data of:

e A collection of objects.

e For each object x, a dg algebra A, = C(z,x).

e For each pair of distinct objects (z,y), an A;-A,-bimodule M,, = C(z,y).
e Bilinear composition maps between bimodules.

One can visualise this as an extremely large dg matrix algebra. For example, a
dg category with exactly n objects is the same thing as a dg algebra with exactly
n orthogonal idempotents. We caution that this description is not functorial,
since dg functors need not be bijective on objects.
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Definition 6.8. Let C be a dg category. The homotopy category of C is the
k-linear category HYC whose objects are the same as C, and whose hom-spaces
are given by (H°C)(z,y) = H°(C(z,y)). Composition is inherited from C.

Ezample 6.9. Let k be Z or a field and let A be a k-algebra. Then H(Chgg(A))
is the chain homotopy category.

Definition 6.10. Let F': C — D be a dg functor.
e F'is quasi-fully faithful if all of its components F,, are quasi-isomorphisms.

e [ is quasi-essentially surjective if the induced functor H°F is essen-
tially surjective.

e [ is a quasi-equivalence if it is quasi-fully faithful and quasi-essentially
surjective.

Exercise 6.11. Show that two dg algebras are quasi-equivalent as dg categories
if and only if they are quasi-isomorphic as dg algebras.

Exercise 6.12. Let F' be a dg functor.
1. If F is a quasi-equivalence, show that H°F is an equivalence.

2. Suppose that F' is quasi-fully faithful. Show that F' is a quasi-equivalence
if and only if HF is an equivalence.

3. Give an example of a functor G such that H°G is an equivalence, but G
is not a quasi-equivalence.

6.2 Pretriangulated dg categories

Definition 6.13. If C is a dg category, its category of right C-modules is the
dg category Mod-C := dgFun(C°?, Chqg(k)).

A C-module M can be described in terms of the following data:
e For every object x of C we assign a complex M ().

e For every pair of objects x,y of C we assign an action map
M(z) ® C(z,y) — M(y)

These action maps should be compatible with the composition and unit
maps of C.

The category of left C-modules is defined dually as dg functors on C.

Exercise 6.14. If A is a k-algebra (or more generally a dg-k-algebra), regarded
as a one-object dg category, show that this recovers the usual definition of dg-
A-module.
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If « is an object of C, then we can define a left module h* := C(z, —) and a
right module h, = C(—, z). The assignment x — h, is a (quasi-)fully faithful
dg functor C — Mod-C which we call the Yoneda embedding.

Exercise 6.15. If A is a k-algebra, regarded as a one-object dg category, show
that the Yoneda embedding sends the unique object of A to the regular A-
module A4.

The category Mod-C has shifts and cones, defined pointwise: if M is a module
then M[1] denotes the module x — M (z)[1]. Similarly, if f : M — N is a C-
linear map then we may define its cone by cone(f) : x — cone(f(z)). These
make the homotopy category H(Mod-C) into a triangulated category.

Exercise 6.16. *If C is a dg category, show that its arrow category Ar(C) is
also a dg category. Show that the mapping cone induces a dg functor

Ar(Mod-C) — Mod-C.

Recall that a module over C is representable if it is isomorphic to a module
of the form h,.

Definition 6.17. Say that a dg category is strongly pretriangulated if, for
all morphisms f : z — y, the following modules are representable:

e The zero module 0.
e The shifts h,[n] for all n.
e The cone cone(hy).

When these are representable, we define x[n] to be the object representing h;[n]
and cone(f) to be the object representing cone(hy).

If C is strongly pretriangulated, then its homotopy category H®(C) is canon-
ically triangulated. It is moreover a triangulated subcategory of H°(Mod-C).

Ezample 6.18. Clearly Mod-C itself is strongly pretriangulated.

Every dg category C admits a strongly pretriangulated envelope tri(C),
defined to be the closure of the image of the Yoneda embedding under the zero
module, cones and shifts. The construction is very similar to the construction
of thick subcategories given in Proposition 2.14. This comes with a natural
Yoneda embedding C < tri(C).

Ezample 6.19. If A is a ring, regarded as a one-object dg category, then tri(A)
is the dg subcategory of Mod-A on the strictly bounded complexes of finitely
generated projective modules. The homotopy category HO(tri(A)) is precisely
perA.

Remark 6.20. The assignment C +— tri(C) is functorial, and the left adjoint to
the inclusion of strongly pretriangulated dg categories in all dg categories. The
unit C — tri(C) is the Yoneda embedding.
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Definition 6.21. A dg category C is pretriangulated if the natural map
C — tri(C) is a quasi-equivalence.

In particular, if C is pretriangulated then H°C is canonically triangulated.

Exercise 6.22. Let F' : C — D be a functor between pretriangulated dg cate-
gories.

1. Show that H°(F) is a triangle functor.

2. *Show that F is a quasi-equivalence if and only if H°(F) is a triangle
equivalence.

Remark 6.23. Bondal and Kapranov described a totalisation functor
Tot : tri(tri(C)) — tri(C) which is an equivalence (and in particular a quasi-
equivalence) of dg categories [BK90].

Remark 6.24. Say that two dg categories C, D are derived Morita equivalent
if tri(C) and tri(D) are quasi-equivalent. Clearly if two dg categories are quasi-
equivalent then they are derived Morita equivalent. If two abelian categories
A, B are Morita equivalent in the classical sense, then they are derived Morita
equivalent, but the converse is not true - for example, Coh(PP}) is derived Morita
equivalent to the finite dimensional representations of the Kronecker quiver, but
the two abelian categories are not Morita equivalent. Many important invariants
of dg categories - for example, Hochschild co/homology, K-theory, or periodic
cyclic homology - are derived Morita invariants.

Definition 6.25. If 7 is a triangulated category, then a pretriangulated dg
category C is an enhancement of 7 if there is a triangle equivalence H°(C) ~ T.

All of the triangulated categories we have seen thus far admit enhancements.
For some of them, this is easy to see; for those constructed as Verdier quotients
this is much less trivial. In the next section, we give a construction of a dg quo-
tient of dg categories, and show that - in pretriangulated settings - it enhances
the Verdier quotient.

6.3 DG quotients

Here we assume for simplicity that k is a field. We say that an object X of a
dg category C is contractible if idx € C(X,X) is a boundary, or, equivalently,
if idy =0 € H°(C)(X, X). Note that this implies that C(X, X) ~ 0.

Ezxample 6.26. Let A be a dg algebra, regarded as a dg category with a single
object *. Then x is contractible if and only if A ~ 0.

Example 6.27. If C is a pretriangulated dg category, then an object X of C is
contractible if and only if X ~ 0 in H°(C).

Let A be a dg category and B — A be a full dg subcategory. Say that a
functor F' : A — C annihilates B if it sends every object of B to a contractible
object of C.
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Definition 6.28. The dg quotient A/B is the universal dg subcategory under
A which annihilates B.

To spell out the universal property in more detail, we write Hqe for the
homotopy category of dg categories (i.e. the category of dg categories localised at
the quasi-equivalences). The universal property states that there is a morphism
m: A — A/B in Hqge such that, if A — C is a morphism in Hge which
annihilates B, then there exists a map A/B — C in Hqe which factors A — C
through .

Theorem 6.29. DG quotients exist.

Before we give an idea of the proof, we make some historical remarks. The
first construction of a dg quotient was given by Keller [Kel99]. Drinfeld [Dri04]
then came up with a simple construction, which is the one we give below. The
universal property was later shown to hold by Tabuada [Tab10].

Proof idea. We define a dg category A/B as follows. The objects of A/B are the
same as the objects of A. The hom-complexes of A/B are obtained from those
of A by freely adjoining, for every b € B, a contracting homotopy h : b — b
with dh = idp. In other words, a morphism x — ¥ in the quotient is given by a
length n 4+ 1 path f,enfr_16n—1---e2f161fo where

forx =, fiiur —uz, ... foiUn =S Upp =y

with all u; € B for 1 <17 < n. The differential is given by applying the Leibniz
rule and using de; = idp,. For example, a path feg of the form x — b — y has
differential (df)eg £ fg + fe(dg). This makes A/B into a dg category.

The natural functor A — A/B sends a morphism f to the length one path
f +x — y. It annihilates B, by consideration of the length two path idyepid; for
b € B. We do not check the universal property. O

Example 6.30. Let A be a dg algebra, regarded as a one-object dg category.
This does not have many full subcategories: only the empty subcategory (
along with A itself. The quotient A/() is simply A again. The quotient A/A is
the dg algebra A(h) with dh = 1; in particular A(h) is acyclic and hence A/A
is quasi-equivalent to the zero dg category.

Theorem 6.31 (Drinfeld). If both B and A are pretriangulated then so is A/B.
Moreover, there is a triangle equivalence

H°(A/B) ~ H°(A)/H°(B)
where the right hand side is the Verdier quotient.

In other words, if 7 is a triangulated category, 7' a full triangulated sub-
category, and the inclusion 7’ < T is enhanceable, then the Verdier quotient
T /T is also enhanceable.
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Proof idea. Shifts and cones in .A/B are inherited from .4, making A/B pretrian-
gulated. The dg functor A — A/B yields a triangle functor H°(A) — H"(A/B)
which annihilates B. Hence we obtain a triangle functor H°(A)/H°(B) —
H°(A/B) from the universal property of the Verdier quotient. It is essentially
surjective, so we just need to check that it is fully faithful. For this, it suffices
to check that the natural map EXt’j:IO(A)/HO(B) (X)Y) — EXt?{O(A/B)(X, Y) is
an isomorphism for all ¢ and for all X,Y € A. To do this, Drinfeld uses an
alternate construction of the dg quotient defined using ind-categories. O

Example 6.32. Let A be a ring. The pretriangulated dg category Mod-A has
a pretriangulated full dg subcategory Acyc(A) of acyclic complexes of modules.
The dg quotient Mod-A/Acyc(A) is the dg derived category of A, denoted
by Dag(A). The homotopy category of Dyg(A) is the usual triangulated derived
category D(A) of A. One can then define the dg bounded derived category
Dgg(A) to be the full subcategory on those objects with bounded cohomology,
and the dg perfect derived category perg,(A) to be the full subcategory on
those objects which represent perfect complexes. Similar constructions can be
made when A is a dg algebra or even a dg category.

Remark 6.33. There are other ways of constructing the dg derived category, but
all of them yield quasi-equivalent results. Typically the dg derived category is
constructed by taking the dg localisation of Mod-A at the quasi-isomorphisms.
A simple alternate construction is given by taking the full dg subcategory of
Mod- A on the bifibrant objects in either the projective or injective model struc-
tures. In particular, a natural enhancement of D~ (A) is the full dg subcategory
of A on those strictly right bounded complexes of projectives, just like in The-
orem 1.30.

6.4 DG singularity categories

In this section, k is a field and R is a two-sided noetherian k-algebra.
Definition 6.34. The dg singularity category of R is the dg category
b
DEE(R) = Dis(R)
& perdg (R)
It is a pretriangulated dg category with H° (Dsgg(R)) ~ D¢ (R).

Theorem 6.35. Suppose that R is Gorenstein. Then both MCM(R) and
K..(proj(R)) admit dg enhancements, and there is a commutative diagram in

Hqe
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of quasi-equivalences of pretriangulated dg categories. In addition, if R = A/o
is a complete local hypersurface singularity, then MF (A, o) also admits a dg
enhancement, and there is a commutative diagram in Hqe

MF(4,0) —<— MCM(R)

J//J

Proj,.(R) —=— D{(R

of quasi-equivalences of pretriangulated dg categories.

Proof. We have just defined the dg singularity category Dsgg(R). The cate-
gory K,.(proj(R)) is, by construction, the homotopy category of the dg cate-
gory proj,.(R) of acyclic complexes of finitely generated projective R-modules.
The mapping complexes in the dg category Mng(A, o) were described in Sec-
tion 5.2. Finally, we let MCM®(R) be defined as follows. The objects are the
MCM R-modules. The hom-complexes are given by

MCM (R)(M, N) := Homp(CR(M), CR(N))

where in defining CR we need to make a choice of functorial projective resolu-
tions for MCM modules (which can be done using e.g. the small object argu-
ment). All of these dg categories are clearly pretriangulated and enhance the
given triangulated categories.

To conclude, all that we need to do is show that the named triangle equiv-
alences lift to morphisms in Hqe. First recall that ¢ was the functor sending a
matrix factorisation X to the corresponding acyclic complex

d o di o do o di o d
RKUNG AEUNG SKUNG MEURG LN

It is not hard to see that c lifts to a dg functor: a pair of maps Xy — Y; and
X1 — Y41 clearly define a map ¢X — ¢Y[i], and one can check that this induces
a chain map on mapping complexes. Secondly, it is clear by construction that
we have a complete resolution dg functor

CR : MCM“¢(R) — proj,.(R)

Since this is a quasi-equivalence, it has an inverse in Hqe, which must lift
Qo. We now have the upper commutative triangle. For the lower commutative
triangle, it suffices to observe that oy lifts to a dg functor proj,.(R) — Dgg(R).

O



Chapter 7

Compact generators

Here we focus on some of the extra structure of matrix factorisation categories
provided to us by the dg enhancement. Our main reference here is [Dycl1]; see
also [Eis80]. For the remainder of this section we let k be a field of characteristic
zero, A = k[x1,...,2,] and R := A/o a complete local hypersurface singular-
ity. For technical reasons we will also need to require that R is an isolated
singularity, i.e. for all non-maximal p € Spec(R) the ring R, is regular.

7.1 Stabilisation

The quasi-equivalence MF% (A, o) ~ MCM“(R) means that any MCM mod-
ule L functorially corresponds to a matrix factorisation L***", which we call the
stabilisation of L.

We give a recipe due to Eisenbud for constructing L5'", in the special case
that L = A/I is cut out by a regular sequence I = (f1,..., f.) and o € I. For
example, the residue field k is a module of this form with I = my = (z1,...,z,).

As described in Exercise 3.12, consider the Koszul complex K of I, which in
degree —n is given by A"(A®") and whose differential is given by contraction:

d(@il JARERIVAN Gin) = Z(*l)jfijeh VARERIVAN éij VARERIVAN €i,
J
View K as an A-free resolution of L, so that multiplication by ¢ is nullhomotopic
on K. In fact we can write down a nullhomotopy: put o = ), 0; f; and consider

the element ¢ := ), 0;6; € A”. Let h : K — K be the map of degree —1 defined
by exterior multiplication on the left with o.

Lemma 7.1. Oh=o0.

Proof. Let x =e;; A---Ae;, be a basis element. We have
h(z) = Zolel ANx = *ZUZIAQ
l l

42
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So we compute
d(hx):fZZ(fl)jalfijeil Ao Neg, NowNeg, Nep + Zcrlflx
j 1 l
= — h(dz) + zo
and hence (0h)(x) = xo as required. O

Placing A" in odd parity, we can view the Koszul complex K (without its
differential) as a Z/2-graded free A-module A*(A"). Since d is a differential,
and h?(z) = o Ao Ax =0, we have (h + d)? = 9(h). Hence by Lemma 7.1 we
have (h+d)? = o, so that (A*(A"), h+d) is a matrix factorisation of 0. We put

L = (A*(AT), h + d)
Proposition 7.2. The equivalence MF (A, o) — MCM(R) sends L***" to L.

Proof. Recall that the equivalence sends a matrix factorisation X to the cokernel
of dy. But since K resolves L, this cokernel is L /o, which by construction is the
R-module L. O

7.2 Endomorphism rings

Recall that an object X of a triangulated category T is compact if T(X, —)
commutes with all direct sums, and a thick generator if thickr(X) =T.

Ezample 7.3. A is compact in D(A). It is a thick generator for per(A).

Proposition 7.4 (Keller). Let C be a pretriangulated dg category such that H°C
is idempotent complete. Let X € C be a compact thick generator of H°C. Then
there is a quasi-equivalence of pretriangulated dg categories

C ~ perC(X, X)
In particular, C and C(X,X) are derived Morita equivalent.

Theorem 7.5 (Dyckerhoff). The object k%2 is a compact thick generator for
MF(4,0).

The proof is a difficult piece of homological algebra and makes use of a
homological version of the Nakayama lemma.

Corollary 7.6. There is a quasi-equivalence of Z/2-graded dg categories
MF (A, o) ~ per End(k*P)

In particular, Mng(A,O‘) and End(k***P) are derived Morita equivalent.
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In particular, we are interested in computing the Z/2-graded dg algebra
End(k%t2P). In order to do this we first give an alternate, more concise descrip-
tion of the stabilisation. Fix an MCM R-module L as before. Observe that
the A-module A*(A") can be identified with the free supercommutative algebra
Alby,...,0,] with all 6; in odd parity. Note that this is a finitely generated
A-module, since 6;0; = —0;0;. The differential d becomes identified with the
differential operator » ;_, fia%iv and the nullhomotopy h becomes identified
with multiplication by Y";_, 0;6;. Hence, the total differential h + d on Lstab g
identified with the left action of the polynomial differential operator

. 0
=1

Definition 7.7. We let Poly(r) denote the A-algebra of polynomial differential
operators on A[fy,...,0,].

More concretely, Poly(r) is a Z/2-graded dg- A-algebra with generators 0y, ..., 0,
and T1,...,T, of odd parity, where we think of T; = ai@. The relations are
o 0,0, =—0,0,.
o the graded Weyl relations 130; + 0;1; = d;;. This is the graded Leibniz
rule: if u € A[@l, ey GT] then (TZHJ)(u) = E(Hju) = 6iju — 9jTi(u).

o I;T; = —1;T;. This follows from the graded Leibniz rule again: for a
polynomial p € A[f,...,0,], write p = 0,0;¢ + p’ where 6;0; does not
divide p’. Since both sides vanish on p’ we may take p’ = 0. Clearly the
claim also holds for p = 0 so we can assume that neither 6; nor 6; divide
g, so both T;(q) and T};(q) are zero. The graded Leibniz rule then tells us
that T;T;(p) = —q and hence by symmetry T;T;(—p) = —q too.

Define a differential 6 on Poly(r) by putting § = [D, —]. We see that 66; = f;
and 5Tz = 05-

Proposition 7.8. There is an isomorphism
(Poly(r), §) = End(L*P)

Proof. We have an obvious inclusion (Poly(r),d) < End(L**2P) of dg algebras
so we need to check that it is a surjection. This we can check on the underlying
A-modules; it follows from a dimension count. O

In particular, taking L = k we obtain:

Corollary 7.9. Let P, be the differential graded algebra given by Poly(r) equipped
with the differential 60; = x; and T; = o;. Then there is a quasi-equivalence of
Z/2-graded dg categories

MFY(A, o) ~ per(P,)

In particular, MF(A, o) and P, are derived Morita equivalent.
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Ezample 7.10. Take A = k[z], 0 = 22, and I = (). In this case, P, is of the
form

k] (6,T)
(02, T2,T0 + 0T = 1)

with k[z]-linear differential defined on generators by 60 = & = 6T. The element
t =T — 0 is a cocycle and the Weyl relations give t> = —1. We have §(67T) =
—§(T9) = xt, which implies that the cohomology algebra of P, is k[t]/(t? + 1).
In fact, the k-subalgebra of P, generated by t is also k[t]/(t? + 1), which implies
that the inclusion k[t]/(t* + 1) < P, is a quasi-isomorphism. In particular, the
singularity category of R[z]/x? is D(C).

Ezample 7.11. The previous example was a special case of a theorem which
says that if o is a quadratic form then P, is quasi-isomorphic to the associated
Clifford algebra. Suppose for an example that we are interested in the singularity
R = k[z,y]/xy defined by the coordinate axes in the plane. After a change
of coordinates z = u — v,y = u + v, we may take R = k[u,v]/(u® — v?)
to be given by a quadratic form. Then P, is quasi-isomorphic to the algebra

Clha(k) = mz=— V@[giV$V:7VU) with U, V in odd parity, and zero differential.

The assignment
0 1 0 1
U~ (1 0) , Vi (1 0)

defines an isomorphism Cl; 1 (k) = Mz (k). Since Mz (k) is Morita equivalent to
k, we obtain a quasi-equivalence MF (k[z, y], zy) ~ D®(k).

7.3 Hochschild theory of matrix factorisations

We continue to follow [Dycll], although we note that closely related results in
more general contexts appear in [Prel2|. For more on Hochschild theory for dg
categories, see [Toéll]. If C, D are two dg categories, their tensor product has
objects the pairs (¢, d) with ¢ € C and d € D and hom-complexes given by

(C®D)((c,d),(,d)) =Cl(e,c) @ D(d,d).
Let C be a dg category. Its enveloping dg category is the dg category

C° = C ® C°P. Right modules over C¢ are called C-bimodules.

Ezample 7.12. If F : C — D is a functor, the assignment (z,y) — D(Fz, Fy)
is a C-bimodule. The bimodule corresponding to the identity functor C — C is
the diagonal bimodule, which we denote simply by C.

If D is any dg category, then Mod-D is an abelian category, and we can
hence define Extp and Torp between two modules via the usual machinery of
projective (or injective) resolutions.

Definition 7.13. Let C be a dg category. Its Hochschild homology is

HH, (C) := Tor% (C,C)
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and its Hochschild cohomology is
HH*(C) = Ext;.(C,C)

The assignment C — HH,(C) is functorial. The assignment C — HH*(C) is
not functorial, but it does produce a graded algebra.

Remark 7.14. HH*(C) has lots of extra structure, such as the Gerstenhaber
bracket and the related BV-algebra structure. On the chain level this enhances
to a Boo-algebra structure [GJ94] and in fact an Es-algebra structure [MS02],
a fact known as Deligne’s conjecture.

Remark 7.15. HH*(C) also has an interpretation in terms of functors: it is
the algebra of derived endomorphisms of the identity functor, computed in the
internal derived mapping category RHomygige (C, C). The homology HH.(C) has
a similar interpretation in terms of traces. See [Toéll] for more information.

Remark 7.16. Similarly to the classical case, one can compute the Hochschild
co/homology of dg categories using a many-object version of the bar complex.
See e.g. [Kel03] for an example of its use.

Theorem 7.17 (Keller, Lowen—Van den Bergh [Kel98, Kel03, LVABO05]). Hochschild
homology and cohomology are derived Morita invariant.

Proof idea. We describe only the proof strategy for cohomology; homology is
easier since HH, is a functor (see [Kel21] for a more detailed exposition of both
cases). Using the bar complex to compute HH*(C) gives us limited functorial-
ity: if C — D is quasi-fully faithful, it induces a morphism HH®(D) — HH®*(C)
between Hochschild cohomology complexes. One then uses a gluing argument:
if C — D is a functor then one can glue C and D together to form an upper-
triangular matrix category G, and one then shows that gluing produces long
exact sequences in HH*. One uses this to obtain a zigzag of quasi-isomorphisms
between HH®*(C) and HH®* (D). O

Corollary 7.18. There are isomorphisms
HH,(MF% (A, 0)) = HH,(P,)
HH*(MF(A, o)) = HH*(P,).

Let R = A/o be a complete local hypersurface singularity. The Milnor
algebra of R is the algebra
R
(870 iki )
Oz Oxy
It is finite-dimensional if and only if R is an isolated singularity. The Tjurina
algebra is T, := M, /o.

Remark 7.19. When R is a quasi-homogeneous singularity, one has T, = M,,

M, =

since ¢ is contained in the ideal (%, ey (%’) by Euler’s theorem on homoge-

nous functions.
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Theorem 7.20 (Dyckerhoff). Let R = A/o be a complete local isolated hyper-
surface singularity.

1. The Hochschild cohomology of the 2-periodic dg category Mng(A,a) 18
the Milnor algebra, concentrated in even parity.

2. The Hochschild homology of the 2-periodic dg category Mng(A, o) is the
Milnor algebra, concentrated in parity n = dim(A) = 1 + dim(R).

Proof sketch. We give the argument for cohomology only. The argument for
homology is similar and requires one to interpret HH,(C) as the trace of the
identity functor, via a theorem of Toén (cf. [Toél1]).

We introduce a tensor product of matrix factorisations: if R’ = A’ /o’
is another complete local isolated hypersurface singularity, the tensor prod-
uct of the two corresponding dg categories is defined to be the dg category
MF(A®A" 0 ® 1+ 1 ® o). Dyckerhoff proves that this tensor product is
compatible with the Morita theory, in the sense that there is a derived Morita

equivalence
MF%(ASA e @1+1®0") ~ P, @ P,..

Moreover, he proves that there is a derived Morita equivalence
MFI(A, —g) ~ P°P.

In particular, if we put ¢ := 0 ® 1 — 1 ® o, the dg category Mng(A®A, g) is
derived Morita equivalent to P¢, which yields a quasi-equivalence

Dag(MF"#(A®A4,6)) = Dag(Fy)

Across this equivalence, the diagonal bimodule P, corresponds to the stabil-
isation of the diagonal bimodule R***". So we have an isomorphism

HH*(MF®(A,0)) 2 H*Endygpas a5 4.5) (B)
The claim follows from an explicit calculation similar to that of End(k%*2b). O

Remark 7.21. The dg derived category Dag(MF(A®A',1® 0’ — 0 ® 1)) can
be identified with the internal derived mapping dg category

RHomzqe(MF (A4, ), MF(A’ ¢'))
and in particular Dag(MF%(A®A,5)) is identified with the internal derived
endomorphism dg category of MF8(A, o).
Remark 7.22. An explicit model for Dag(MF(A,0)) is given by a category

MFSE(A,U) of infinite rank matrix factorisations. The MCM analogue of
this construction uses certain infinite rank MCM modules [Chell].

Remark 7.23. The isomorphism
HH, (MF (A, o)) ~ HH*(MF (A, 0))[n]

is a manifestation of the fact that MF(A, o) is a n-Calabi-Yau dg category.
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Remark 7.24. Let k[u,u~!] be the graded Laurent polynomial ring, where u
has degree 2. Then a Z/2-graded k-linear dg category is the same thing as a
Z-graded k[u,u~!]-linear dg category: note that a Z/2-graded complex X% X*
is the same thing as a 2-periodic Z-graded complex

s X Xt X0 x5 X0

A 2-periodic complex is then the same thing as a complex over k[u, '], with the
action of u giving the periodicity isomorphisms. There is an obvious algebra
map k — k[u,u"!], and by restriction along this map we can view a Z/2-
graded dg category as a Z-graded dg category. In particular, if C is a Z/2-
graded dg category, it has two different kinds of Hochschild cohomology: firstly
HHZ[%u_l](C), where we work over the base ring of Laurent polynomials, and
HH;,(C), where we work over the base ring k. There is no need for these to agree!
In fact, HH)(MF“€(A, 7)) is the Tjurina algebra [Kel18], whilst we know from
Theorem 7.20 that HHz[ (MF(A, 0)) is the Milnor algebra.

w,u—1]



Chapter 8

Relative singularity categories

Here we study a relative notion of singularity category and show that relative
singularity categories are often controlled by derived quotients. Along the way
we will see some applications to algebraic geometry. The original references here
are [Chell, BK12]. A comprehensive treatment of relative singularity categories
can be found in [KY16, KY18, KY25| and a general overview is [Kall3].

8.1 Some noncommutative geometry

As always, we let A be a two-sided noetherian ring. We fix an idempotent e € A,
and we put R := eAe, the cornering.

Exercise 8.1. Show that the functor ji : D(R) — D(A) defined by
J(X) = X ®@% eA is fully faithful.

In particular, we obtain a fully faithful embedding ji : per(R) < D(A)
which sends R to eA.

Definition 8.2. The relative singularity category is the Verdier quotient

A = G per (1) ~ thick(e)

Ezample 8.3. If e = 0, then R = 0 and we have Ag(A) = D°(A). If e = 1, then
R = A and we have A4(A) = Dy (A).

Example 8.4. Let R be a commutative ring and M an R-module. Let A be
the ring A = Endgr(R & M) and let e = idg, so that we have isomorphisms
eA =2 R® M and ede =2 R. We call such A a noncommutative partial
resolution of R.

Exercise 8.5. Show that the functor j; has a right adjoint j* defined by
J*(X) = Xe. Show that j* sends thick(eA) to per(R), and hence induces
a triangle functor Ar(A) — Dge(R).

49
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Where does the definition of a relative singularity category come from? One
motivation is by analogy with algebraic geometry. Let k be a field of characteris-
tic zero, let X be a k-variety, and let 7 : X — X be a resolution of singularities.
There is a derived pushforward functor Rxr, : D?(X) — DY(X) and a derived
pullback functor La* : DP(X) — D(X). They are adjoints, in the sense that
for any F € D*(X) and G € D®(X) then there is a natural isomorphism

Hom(L#*F,G) = Hom(F,Rm.G)

The projection formula tells us that the unit of this adjunction is the natural
map F — F @ R, Og. Say that X has rational singularities if this unit
is an equivalence at Ox, or equivalently if the natural map Ox — ROy is a
quasi-isomorphism. If this is the case, then by the projection formula Lz* is fully
faithful, and in particular we get an embedding per (X) < D’(X) ~ per (X).

The ring R is to be thought of as X, and the ring A is supposed to be like its
resolution X. The pullback L7* gets replaced by ji, and hence the relative singu-
larity category is supposed to behave like the Verdier quotient per (X)/per (X),
which is a ‘geometric’ relative singularity category which measures the failure

of Lr*per (X) to be all of per (X).

With this in mind, we can try to globalise our definition of noncommutative
partial resolution. Let X be a variety with isolated Gorenstein singularities
(i.e. X has isolated singularities, and at each singular point p € X the formal
completion Xp is a complete local Gorenstein ring). If F is a coherent sheaf on
X, put F/=F @& Ox. Let A:=&nd(F’) be the endomorphism sheaf, which is
a coherent sheaf of rings on X. This defines a ringed space X = (X, .4) which
is supposed to behave like a partial resolution of X. Note that X is a sheaf of
noetherian rings so it makes sense to consider the abelian category Coh(X) and
its bounded derived category D’(X). Observe that there are natural functors
¢ =F @ —:per(X)— D’X) and 1 :== RHom(F’, —) : D*(X) — D*(X).

Theorem 8.6 (e.g. [BD11]). ¢ 44 and the unit id — ¢ is an isomorphism;
i particular ¢ is fully faithful.
Hence we may define the relative singularity category

b
AX (X) = p?—:-r(zgx)) .

We will give a description of the relative singularity category in a special case,

due to Burban and Kalck [BK12|. Before we do so, we first introduce some
useful concepts.

Definition 8.7. If 7 is a triangulated category, an idempotent in 7 is a
map e : X — X with e2 = e. An idempotent splits if X can be written as
ker(e) @ im(e).
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There is a universal triangle functor 7 — 7% which splits idempotents;
we call 7% the idempotent completion of 7. The assignment 7 — T¢ is
functorial. For more on idempotent completion see [BS01].

Definition 8.8. A quiver is a directed (multi-)graph. A path in a quiver is a
sequence of arrows ajagas - - - a, such that the head of a; is the tail of a; 1. We
allow paths of length zero; if v is a vertex of () then we denote the unique path
v — v of length zero by e,. Paths can be composed when their endpoints agree.
Observe that e,a = a for any a starting at v, and similarly be, = b for any b
ending at v. If Q) is a quiver and k is a commutative ring, the path algebra
k(Q has as a k-basis the set of paths in ). Multiplication in k() is composition
of paths when defined and is zero otherwise.

Exercise 8.9 (idempotents). Compute e,e, for any two (not necessarily dis-
tinct) vertices u,v of Q. If @ has finitely many vertices 1,...,n, show that we
have an equality 1 =e; +--- + e, in kQ.

Exercise 8.10. We write Qg for the set of vertices of () and @y for the set of
arrows. Show that there is an isomorphism kQ = Ty, (kQ1) between the path
algebra and the tensor algebra (over kQg) on the arrows. (Hint: consider the
map which sends a tensor a1 ® - - - ® a,, to the path aj ---ay,.)

Theorem 8.11 ([BK12|). Let X be a nodal curve with n singular points and
let F be the ideal sheaf of the singular locus. Then the corresponding ringed
space X is a noncommutative resolution of X (in fact it has global dimension
2). There is an equivalence of triangulated categories

where A is the path algebra of the quiver

with relations ab = 0 = cd, and the category of band modules is defined to be
Band(A) == {C € D*(A): 7(C)~C}

where T, the Auslander—Reiten translate, is given by 7(C) == A* @% C[-1].

Remark 8.12. In particular, the two triangulated categories A x (X) and @;-_, Bgrifi?)&)

are equivalent up to direct summands, and hence have the same K-theory.

Remark 8.13. Under the conditions of the above theorem, Proj of the Rees
algebra of F is the blowup of X at the singular locus, which is a resolution since
X has nodal singularities.
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8.2 Derived quotients

In this section we follow [BCL18, KY18, Boo21|. Let k be a fixed commutative
semisimple ring, which we will use as our base.

Definition 8.14. Let A be a k-algebra with an idempotent e. The derived
quotient A/"AeA is defined to be the initial object of the homotopy category
of dg algebras f : A — B under A such that f(e) vanishes in H(B).

More generally, one may make the above definition when A is a dg algebra.
We omit the proof of existence, but we give two constructions of the derived
quotient. There are (at least) two methods:

1. Genuine quotients of resolutions A dg-k-algebra B is cofibrant if
it is freely generated over k, by a (possibly transfinite) number of generators
x1,%2,x3,... and moreover the differential d satisfies the upper-triangular
condition: d(x;) is contained in the ideal of B generated by the z; for j < i.
A cofibrant resolution of A is a quasi-isomorphism A — A with A cofibrant.

Example 8.15. The dg algebra k(z,y) with deg(z) = 0,deg(y) = —1 and dy = 2>
is a cofibrant resolution of k[z]/x?. Here we may put x = x; and y = .

Remark 8.16. In characteristic zero, if A is commutative then we may also take
A to be a commutative dg algebra, so that for example the dg algebra

2 is a commutative cofibrant resolution of Q[x]/x2.

with dy = «
Ezample 8.17. Let @ be a finite quiver, F a field and k = F@Q, the semisimple
algebra on the vertex idempotents. Then the path algebra F(Q is a cofibrant
k-algebra, since it is freely generated as a k-algebra by the arrows (cf. Exer-
cise 8.10). If @ is a graded quiver (i.e. the arrows have a grading) then FQ
inherits a grading and becomes a cofibrant dg algebra (with zero differential).

If A — A is a cofibrant resolution of A, and é € A is an idempotent that
lifts e, then we may compute A/“AeA as the actual quotient A/AEA.

2. Drinfeld quotients If A is a ring with an idempotent e, we may view it as
a two-object dg category: the first object A; corresponds to the idempotent e
and has endomorphisms R = eAe, and the second object A corresponds to the
idempotent 1 — e and has endomorphisms (1 —e)A(1 —¢). The derived quotient
A/"AeA is then quasi-isomorphic to the one-object dg category

AJA,  ~ AR /(dh = e).

More concretely, the dg algebra @Q := A(h)/(dh = e) is connective, with Q~Y =
0, Q" = A, and Q7' = Ae ® R ® eA for i > 0. The differential is the
alternating signed sum of the multiplication maps Ae ® R — Ae, R® R — R,
and R® eA — eA. In particular we see that H°(A/“AeA) = A/AeA, the usual
quotient.
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Remark 8.18. If R is a commutative Gorenstein ring, M is a MCM R-module,
and A = Endg(R ¢ M) with e = idg, then there is a k-algebra isomorphism
A/AeA = Endz(M) = Endmem(r)(M). In fact, one can check using Proposi-
tion 4.25 and the ‘Drinfeld quotient’ description that H7(Q) 2 Ext?, (M, M) for
j<0.

Now we return to the setting of relative singularity categories. As before,
we choose a noetherian ring A with an idempotent e and put R = eAe.

Proposition 8.19. There is a recollement

'/»__‘\
D(A/M4ed) —=="  D(A) —L~ D(R)

which is to say that the named functors exist and satisfy:
o If F appears directly above G then ' 4 G.
e %, =0.
® i, jx and jy are fully faithful.
e For every X in D(A) there are distinguished triangles of the form
WX - X = X —

and
JiX - X =it X — .

Proof idea. Write Q := A/“AeA for brevity. We view @ as both an A-bimodule
and a Q-bimodule. Put

= -4 Q, ji=-2%eA

i« = RHomg(Q, —), 4" = RHomy (eA, )
1 = ®HQQ, jr == ®H21 Ae

i' == RHomx(Q, —), j. = RHompg(Ae, )

One can then check the required statements quite explicitly. See e.g. [Boo21]
for the full proof. O

Neeman—-Thomason—Trobaugh—Yao localisation then yields:

Corollary 8.20. There is a triangle equivalence

per(A/M4ed) — (m)

which sends A/"AeA — A.
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Corollary 8.21. There is a triangle functor
per (A/M4eA) — AR(A)¥
which is an equivalence when A has finite global dimension.

Proof. The natural map per(A) — DY(A) yields, after taking quotients, a
map per A/jiper R — Agr(A) which is an equivalence when A has finite global
dimension. O

We will be interested in the composition
per (A/"AeA) — AR(A)* — Dy (R)
which sends A/“4eA to eA. The following is a result of Kalck and Yang.

Theorem 8.22 ([KY18, Theorem 6.6]). Let A be a noetherian k-algebra of
finite global dimension with e € A an idempotent. Put R = eAe. Then there is
a triangle equivalence

per (A/MAeA) w
= Dy, (R

Dyg(AfAca) Do)

where Dig(A/"AeA) denotes the triangulated subcategory of dg A/“Ae A-modules
N whose cohomology is finitely generated over AJ/AeA, i.e. only finitely many
HY(N) are nonzero, and they are all finitely generated A/AeA-modules.

Proof idea. By Corollary 8.21 we have a triangle equivalence F : per (4/"4eA) —
AR(A)¥. If K denotes the kernel of the projection Ar(A)*Y — Dgg(R)*¥ then
we obtain a triangle equivalence per (A4/"4eA)/F*(K) ~ Dsz(R)“. It suffices
to identify F*(K) with Dgs(A/“AeA); one shows that they are both the thick
subcategory generated by mod-A/AcA. O

Remark 8.23. When A/AeA is finite dimensional, then Dy, (A/“AeA) is iden-
tified with Dgq(A/"AeA), the subcategory of D(A/“AeA) on those modules M
such that @; H*(M) is a finite dimensional k-vector space. If B is a homologically
smooth dg algebra (i.e. B is a perfect B-bimodule), then a standard argument
shows that Dgq(B) C per(B); indeed, if X € Diq(B) then X ®% P € per(B)

for any perfect B-bimodule P (it suffices to check this for P = B¢ itself), and
D¢a(B)
per (1)
cluster category of B, after Amiot [Ami09].

in particular for P = B. The quotient

is known as the generalised

Remark 8.24. If R is a complete local isolated hypersurface singularity, then
Dgs(R) is idempotent complete.

Remark 8.25. All of the above triangle functors enhance to functors of pretri-
angulated dg categories [Boo21].
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8.3 Classifying isolated hypersurface singularities

In this section we follow [Boo21| and [HK24]. Here we work over an algebraically
closed field of characteristic zero.

Theorem 8.26. Let Ry, Ry be complete local isolated hypersurface singularities
of the same dimension. Let M; be non-projective MCM R;-modules and put
Ai = EndRi (R7 D M,L) with €; = ldRZ Put Ql = AZ/H‘AzGZAz Then R1 = R2 Zf
and only if there is a quasi-isomorphism Q1 ~ Q.

Proof idea. One direction is clear, so we need to show that if 1 ~ Q2 then
we have an isomorphism R; = R,;. We do this by showing that the quasi-
isomorphism class of @); determines R;. For readability we now drop the ¢

subscripts. The proof consists of three steps:

Step 1: () determines Dg,(R). If A was smooth, we would be done by an ap-
plication of Theorem 8.22 (and Remark 8.24). In general, we must be more care-
ful. First one does an explicit computation to show that @) is quasi-isomorphic
to the truncation 7<oREndy (M) of the dg-categorical endomorphism complex;
this lifts the computations of Remark 8.18 to the level of dg algebras. Since R is
a hypersurface, its singularity category has 2-periodicity (Theorem 5.3). Since
one can recover a 2-periodic complex from its truncation, a localisation argument
now shows that @ determines the full endomorphism dg algebra REnd(M).
A theorem of Takahashi states that in this setting, Dy (R) has no nontrivial
thick subcategories - in general the thick subcategories are parameterised by
the specialisation-closed subsets of Spec(R) which are contained in the singular
locus [Tak10]. In particular, since M % 0 in the singularity category, M must
be a thick generator. So we see that Dgs(R) ~ per (REnd;(M)) by Proposi-
tion 7.4.

Step 2: Dy (R) determines the Tjurina algebra Tr. This follows from
computations of [Kell8] and [Gro92]; more accurately we have isomorphisms
HH®(Dyy(R)) = HH(R) = Tk (cf. Remark 7.24)

Step 3: Ty determines R. This is the Mather—Yau theorem (cf. [GP17]):
let 01,02 € my[,) define isolated singularities. Then k[z]/o1 = k[z]/o2 if and
only if T,,, = 1T,,. O

Remark 8.27. Note that due to the existence of Knorrer periodicity, singular-
ities of different dimensions may have isomorphic Tjurina algebras. However,
when the dimension is fixed, the Tjurina algebra is a complete invariant of the
singularity, per the Mather—Yau theorem. As stated the theorem is false in
characteristic p - just consider the two hypersurfaces defined by the vanishing
of f = aP*t! 4+ yPT1 and f + 2P. However, a modified version is true. The Mil-
nor algebra also classifies complete local isolated singularities, up to a different
notion of equivalence.
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Remark 8.28. Over C, one can use the above machinery to classify certain
threefold birational contractions X — Spec(R), known as flopping contrac-
tions, that arise when running the minimal model program. Van den Bergh
proves that in this setting there exists an MCM R-module M such that X is
derived equivalent to the corresponding partial resolution A = Endg(R ® M)
[VdABO04], and in this setting the finite dimensional algebra A/AeA is known as
the contraction algebra [DW16]. The corresponding derived quotient A/“AeA
is known as the derived contraction algebra [Boo21| and admits a derived
deformation-theoretic interpretation in terms of the contracted curves [Boo22].
The above theorem then states that the quasi-isomorphism class of the derived
contraction algebra recovers the analytic type of R near its singularity. In fact,
when X is smooth, just the contraction algebra A/AeA = H°(A/"AeA) will do
to recover R [JKM22, KLW24].



Chapter 9

Deformations of Kleinian
singularities

We use some of the theory built up in Chapter 8 to study singularity categories of
certain noncommutative deformations of Kleinian singularities. A good general
reference here is [Cral§].

9.1 The McKay correspondence

For more on the McKay correspondence as it will be relevant to us, see either
[BDF*26, §2] or [Cral8, §1] and the references therein. The original reference
is [McK80].

If G is a subgroup of GL3(C), it acts on the affine plane C? and hence on its
coordinate ring R := Clz,y]. The corresponding quotient is defined to be Spec
of the invariant ring R® := {r € R:rg = g for all g € G}.

Definition 9.1. A Kleinian singularity is a singularity of the form Spec(R%)
where G is a nontrivial finite subgroup of SLs(C).

Every Kleinian singularity is isomorphic to a hypersurface in C3, given by
some polynomial in three variables. Since the finite subgroups of SLy(C) are
classified, so are the corresponding singularities, and we tabulate them below.

Associated to every finite subgroup G of SLy(C) is a Dynkin graph, drawn
in black in the table below. The graph is constructed solely from the rep-
resentation theory of G: the vertices correspond to the nontrivial irreducible
representations of G' and there is an edge between ¢ and j if V; shows up in the
decomposition of V ®V;, where V is the natural two-dimensional representation.
Since G is a subgroup of SLo(C) this is in fact a symmetric condition. If we
admit the trivial representation too we obtain an extended Dynkin graph;
the extending vertex is labeled by a red zero in the table. Sometimes these are
also called affine Dynkin graphs.

o7
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Type Group Polynomial Dynkin graph

0
A, n>1 cyclic 2?4?42t / \

D,, n>4 binary dihedral 2 2z 2t 9 3 ..

0
\ —
c—n—2

4 S

1
0
|
FEg binary tetrahedral 2 + 3 + 24 1
|
2—3—4—5—6
7
Er binary octahedral 22 + 3 + y? ‘
0—1—2—3—4—5—6
8
Eg binary icosahedral 2+ 3+ 2° |

Exercise 9.2. Check using the table that a Kleinian singularity is isolated,
with a unique singular point at the origin.

Let Y — Spec(R%) be the minimal resolution of a Kleinian singularity (i.e.
the resolution through which no other resolution factors - it is a nontrivial fact
that minimal resolutions exist and are unique in this setting). The exceptional
divisor is a union of irreducible rational curves, and if two distinct curves meet
then they intersect at a single nodal point. The dual graph of the resolution has
vertices the irreducible components of the exceptional divisor, and two curves
are linked by an edge precisely when they intersect. The original and most
fundamental form of the McKay correspondence is the following fact:

Theorem 9.3 (McKay). The dual graph of the minimal resolution of Spec(RY)
1s precisely the Dynkin graph of G.

Remark 9.4. Tto and Nakamura showed that the minimal resolution of R® is
given by the G-Hilbert scheme of R, which, roughly, parameterises the G-
invariant zero-dimensional subschemes of R. They used this to give a very
explicit version of the McKay correspondence [IN96, IN99]. Kapranov and
Vasserot used this to give an equivalence

D(C?) ~ D*(Y)

where the left-hand side denotes the derived category of G-equivariant sheaves
[KV00]. Bridgeland-King-Reid obtained similar results for SL3(C), Ishii and
Ueda for GLy(C), and Kawamata for GL3(C) [BKRO1, Ish02, TU15, Kaw1§|.

1—2—-3—--—n—-1—mn

0—1—2—3—4—5—6—7
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9.2 Preprojective algebras

We keep notation as before. The skew group ring R *x G is R ®c CG with
multiplication defined by

(r,9)(s,h) = (r.gs, gh)

Theorem 9.5 (Auslander [Aus62, Aus86]). The map R * G — Endgc(R) is
an isomorphism. Moreover, R x G is a noncommutative resolution of RY, i.e.
RxG has finite global dimension, and R is a MCM RS -module admitting a free
summand.

In particular, R * G comes with an idempotent e such that e(R * G)e = RC.
Reiten and Van den Bergh gave a Morita equivalent version of R * G that can
be constructed purely from the McKay graph.

Definition 9.6. Let @ be a finite quiver. The double quiver Q of @ is the
quiver obtained by adding, for every arrow a : ¢ — j of ), an opposite arrow
a* : j — i. The preprojective algebra of () is the algebra II(Q) obtained as
the quotient of CQ by the relation Y_ [a,a*] = 0.

Exercise 9.7. Let T be a finite graph, and arbitrarily choose orientations of
the edges to obtain a quiver Q. Show that both CQ and II(Q) are independent
of the choice of orientation. We henceforth write CT and II(T) and in what
follows we will blur the distinction between graphs and quivers.

Theorem 9.8 (Reiten—Van den Bergh [RVAB89]). Let R® be a Kleinian sin-
gularity, and T the corresponding extended Dynkin graph. Then

e Rx G is Morita equivalent to II(T).
[ ] eOH(T)eO = RG.

In particular, since R * G has finite global dimension, so does II(T).

~

Exercise 9.9. The extended A; Dynkin graph is of the form T'= 0 - 1.
Check that egII(T)eg is the A; singularity.

Let us use the preprojective algebra to define a noncommutative deformation
of R%. This was first done by Crawley-Boevey and Holland [CBH9S].

Definition 9.10. Let @ be a finite quiver with vertex set {1,..., n}. A weight
is a vector A € C"; we think of a weight as a map Qg — C assigning vertex i a
number \;. If X is a weight, the corresponding deformed preprojective alge-
bra I1*(Q) is the quotient of CQ by the deformed preprojective relations
Yo €ila, a*le; = Aje;, one for each i.

Clearly 11°(Q) = TI(Q).

Definition 9.11. If Q is an extended Dynkin quiver and ) is a weight, the corre-
sponding noncommutative deformation of R is the ring O := e¢oIIN(Q)eo.
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If we take A = 0 then we get OY = RC.

Remark 9.12. In what sense is @* a noncommutative deformation of R? We
describe another method to obtain O*, also appearing in [CBH98]. The McKay
correspondence gives an isomorphism Z(CG) = C"*! between the centre of the
group ring and the semisimple ring of weights on the extended Dynkin graph.

Under this isomorphism, we put S* = (C[;qu]’i*f , so that 8% is the skew group

ring R+G. Ife = ﬁ > gec 9 denotes the average of the group elements, then we

in fact have eS*e = O*. Moreover, both S* and O are filtered by path length,
and their associated graded algebras are R x G and R respectively. Hence we
view S* and O* as PBW deformations of R * G and RS respectively.

Proposition 9.13. I1'(Q) is a noncommutative resolution of O*.

When A\ = 0 this reduces to Auslander’s result on the skew group ring.

9.3 Singularity category computations

We follow [KY18, §9]; the main result is originally due to Crawford [Cra20].
We will study the singularity category of O* via the method of Theorem 8.22.
Crawford proves that the singularity category of O* is idempotent complete,
and hence Theorem 8.22 immediately yields a triangle equivalence

per (B)
Dyq(B)

~ Dsg((’)’\)

where B denotes the derived quotient IT*(Q)/11*(Q)eoITN(Q). In order to find
such a B, we need to resolve I1'(Q) as a dg algebra. Our resolution will be
given by a derived version of the preprojective algebra.

Definition 9.14. Let Q be a finite quiver and A a weight on Q. Let Q be
the graded quiver consisting of @ placed in degree zero, along with a loop t;
in degree —1 at each vertex i. The derived preprojective algebra is the dg
algebra II(Q)) whose underlying graded algebra is CQ, and whose differential
satisfies d(a) = d(a*) = 0 and d(t;) = ), eila,a*]e;. The deformed derived
preprojective algebra H)‘(Q) is the same, but the differential on ¢; is modified
to be the sum d(t;) =), eila,a*]e; — Aie;.

Remark 9.15. The dg algebra II*(Q) is a deformed 2-Calabi-Yau completion of
the path algebra CQ, in the sense of Keller [Kelll]. More generally, to construct
the n-CY completion one puts a* in degree 2 — n and ¢; in degree 1 — n; the
differential remains the same. Deformed n-CY completions are more subtle;
we remark that Ginzburg dg algebras of quivers with potential are examples
of 3-CY completions (the potential should be thought of as the deformation
parameter).

Clearly we have an isomorphism H®(II*(Q)) = IT1*(Q), which extends to a
map HA(Q) — IIMNQ).
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Proposition 9.16. If Q is a finite quiver without cycles, and not a Dynkin
quiver, then the map II* (Q) — INQ) is a cofibrant resolution of dg algebras.

Proof idea. It is easy to see that ﬂ)‘(Q) is a cofibrant dg algebra, so we just
need to check that the map is a quasi-isomorphism. When A = 0 this is a result
of Hermes [Her16]. In the general case, one puts a secondary Adams grading
on I (Q) by putting a and a* in degree —1, ¢; in degree 0, and ¢; in degree
—2. This secondary grading induces an increasing filtration on II*(Q) by Adams
path length whose associated graded is II(Q) equipped with an extra grading.
The associated spectral sequence computes both H*(II(Q)) and H*(II(Q)),
which shows that H* (ﬂ’\ (Q)) is concentrated in degree zero, as required. O

Remark 9.17. The above spectral sequence argument is closely related to the
fact that T1*(Q) is a PBW deformation of I1(Q).

Remark 9.18. If @ is a finite quiver without cycles then II(Q) is finite dimen-
sional precisely when @ is of Dynkin type; since finite dimensional algebras
cannot be 2CY, the conclusion of the proposition cannot hold when @ is a
Dynkin quiver. In this case, Hermes constructs a minimal model of II(Q). If Q
is a finite quiver without cycles then II(Q) is Koszul precisely when @ is not of
Dynkin type; one can prove the proposition using this.

Let us return to the Kleinian situation. We are interested in the quotient

B :=1IQ)/(eo)
where @ is an extended Dynkin quiver and 0 the extending vertex. Let Q' be
the full subquiver on the vertices 1,...,n and )\ the corresponding weight on
Q'. Since B is obtained from II1*(Q) by killing all paths that pass through 0, it
follows that B is isomorphic to ﬂ’\/(Q’ ). We will now pass to an even smaller
model for B.

Let @), be the full subquiver of Q' on those vertices ¢ with \; = 0. There
is a natural surjection I (Q") — I(QY%/) which Crawford proves to be a quasi-
isomorphism as long as A is quasi-dominant, meaning that each of the ]
either has positive real part, or zero real part and nonnegative imaginary part.
Since one may choose A to be quasi-dominant without affecting the isomorphism
type of the noncommutative deformation, we may assume that this is the case.

So we have a quasi-isomorphism B ~ II(Q},). Observe that ()}, must be
a disjoint union of Dynkin quivers Q',...,Q%; let R',..., R® denote the corre-
sponding Kleinian singularities.

Theorem 9.19. There is a triangle equivalence
Dsg(o)\) = @Dsg(Rj)
j=1

Proof. We certainly have triangle equivalences

o per(I(Q}) _ / per (IQY))
(O = i@y = D Daan)

Jj=1
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On the other hand, let R be a Kleinian singularity, @ the associated Dynkin
graph, and @, the extended Dynkin graph. Since II(Q) is a noncommutative
resolution of R, we may compute the singularity category of R using the derived
quotient of II(Q4) by eg. As before, since the dg algebra II(Q) resolves I1(Q )
and we have II(Q4)/(eg) ~ II(Q), the derived quotient is simply II(Q), and
hence we have a triangle equivalence

_ per(II(Q))
- Du(I(Q))

Combining these equivalences proves the theorem. O

Dyg(R)



Chapter 10

Koszul duality

In this chapter, we introduce the machinery of Koszul duality, before showing
that it can be used to give structural results on singularity categories as well as
provide a computational tool. We mostly follow [Pos11l, CW24, CT13, Tul4].

10.1 Bar and cobar constructions

We provide a brief overview of the bar and cobar constructions and the module-
comodule version of associative Koszul duality, roughly following the presenta-
tion in [BGO25]. For a more comprehensive treatment see [Posll, LV12|. In
this section, k will denote a commutative semisimple ring.

Definition 10.1. A dg coalgebra is a complex C together with a comulti-
plication A : ¢ — C ® C' and a counit n : C — k satisfying the following
axioms:

Coassociativity: (A ®idc)A = (idc ® A)A as maps C' — C®3.
Counitality: (n®idc)A = (idc ®@n)A =ide.

We also ask that the comultiplication and counit be chain maps. A dg coalgebra
is coaugmented if n admits a retract & — C which is a morphism of dg
coalgebras. In this case, C' := ker(n) is a noncounital subcoalgebra of C. A dg
coalgebra C' is conilpotent if it is coaugmented, and for every ¢ € C there is
an N such that AN (c) = 0.

Exercise 10.2. Write explicit equations expressing that A and 7 are chain
maps (the first says that d is a coderivation for A).

Exercise 10.3.

1. Let (C,A,n) be a dg coalgebra. Show that its linear dual C* is a dg
algebra with multiplication A* and unit n*.

63
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2. Let A be a finite dimensional dg algebra. Show that A* is a dg coalgebra
in the same way. Show that A is augmented precisely when C' is coaug-
mented. In this situation, show that the corresponding maximal ideal of
A is nilpotent precisely when C' is conilpotent.

3. Give an example of a dg algebra A such that the multiplication on A does
not dualise to a comultiplication on A*.

If V is a complex, its tensor coalgebra is the dg coalgebra
(V) =kaVaoV®2g...

with comultiplication given by the deconcatenation coproduct, which sends
a tensor v1 ® - - @ vy, to the sum ) (11 ®@ - Q@ v;) ® (Vg1 ®@ - Q@ vy,).

Exercise 10.4.
1. Check that T°V is a conilpotent dg coalgebra.

2. Show that the functor 7°¢ is right adjoint to the forgetful functor from
conilpotent dg coalgebras to complexes.

Definition 10.5. Let A be an augmented dg algebra. The bar construction
BA is the dg coalgebra whose underlying graded coalgebra is the same as that

of T¢(A[l]). The differential d on BA is the sum d = d; + dg, where d;
denotes the usual ‘internal’ differential of T°(A[1]) and dg denotes the ‘external’
differential, defined by sending a; ® --- ® a,, to the signed sum of the tensors

a1®...®aiai+1®...®an.

Exercise 10.6. *Use the Koszul sign rule to work out the correct signs appear-
ing in dg, and use this to check that d; + dg is a differential.

Definition 10.7. Write A' :== (BA)* for the linear dual of the bar construction.
By Exercise 10.3, A' is a dg algebra. We call A' the Koszul dual of A.

Exercise 10.8. Let A be the square-zero extension k[e]|/e2, with € in degree
1 —n. Show that A' ~ k[z] with = placed in degree n. (Hint: if n # 0 then

The bar construction has a dual construction, the cobar construction,
which sends conilpotent dg coalgebras to dg algebras. Briefly, let C be a conilpo-
tent dg coalgebra. The cobar construction of C' is the dg algebra Q2C whose
underlying graded algebra is T'(C[—1]), the tensor algebra on the shifted coaug-
mentation ideal of C. The differential combines the natural internal differential

on the tensor algebra with the comultiplication on C.
Theorem 10.9 (Koszul duality, cf. [Pos11]).
1. Q and B form an adjunction Q: dgCog®™! +— dgAlg®“e: B.

2. Let A be an augmented dg algebra. The counit QBA — A is a quasi-
isomorphism of algebras.
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3. Let C be a conilpotent dg coalgebra. The unit C — BQC is a weak equiv-
alence of coalgebras (i.e. is sent to a quasi-isomorphism by ).

Remark 10.10. In fact, Positselski proves that there exist model structures on
the categories of augmented dg algebras and conilpotent dg coalgebras making
Q - B into a Quillen equivalence. A weak equivalence of dg algebras is precisely
a quasi-isomorphism. The weak equivalences of coalgebras are created by (;
every weak equivalence is a quasi-isomorphism but the converse is not true.

If C is a dg coalgebra, a (right) dg-C-comodule is a complex V together
with a coaction map p: V. — V ® C such that (idy ® A)p = (p®ide)p. A C-
colinear map between two dg-C-comodules U, V is a map of complexes U — V
which is compatible with the coactions. These define an abelian dg category
C—Comod of dg-C-comodules. We let Hot(C) := H°(C—Comod) denote the
corresponding homotopy category; it is a triangulated category in the usual way.
The subcategory CoAcy(C) of coacyclic C-comodules is then defined to be
the smallest thick subcategory of Hot(C') containing the totalisations of short ex-
act sequences of C-comodules and closed under all coproducts. The coderived
category of C' is the Verdier quotient D (C) := Hot(C)/CoAcy(C). Via tak-
ing dg quotients one can also enhance D®(C') to a pretriangulated dg category,
and we will often regard it as such.

Remark 10.11. One can also recover D (C') as the homotopy category of a
model structure on the category of dg-C-comodules; the cofibrations are the
injections and the weak equivalences are the maps with coacyclic cone. In
particular every comodule is cofibrant.

Remark 10.12. A weak equivalence between dg comodules is a quasi-isomorphism,
but the converse is not true. One can check that there is a well-defined functor
De°(C)°P — D(C*) which sends a comodule N to its linear dual N*. In general
this functor need not be full, faithful, or essentially surjective.

Theorem 10.13 (Module-comodule Koszul duality, cf. [Posll]). Let A be an
augmented dg algebra and C' a conilpotent dg coalgebra. There there are quasi-
equivalences

D(A) ~ D*°(BA)
D (C) ~ D(20)
The first sends A to k and k to BA. The second sends C to k and k to QC.

Module-comodule Koszul duality can be used to show that the dual bar
construction computes derived endomorphisms:

Proposition 10.14. Let A be an augmented dg algebra. Then there is a quasi-
isomorphism A' ~ RHom  (k, k) of dg algebras.

Proof sketch. Put C = BA. By module-comodule Koszul duality, there are
quasi-isomorphisms of dg algebras

REndA(k) >~ REncho(C) (C)
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Since C'is an injective C-comodule, it is fibrant, and we can compute its derived
endomorphisms as REnd peo(¢)(C) ~ Endc(C) = C*, as desired. O

Ezxample 10.15. Use Proposition 10.14 along with Exercise 10.8 to show that,
if k[x] denotes the graded polynomial ring, with x placed in arbitrary degree,
then we have k[z]" ~ k[z].

10.2 Finite dimensional algebras

The purpose of this section is to give a description, due to Keller and Wang, of
the singularity category of a finite dimensional algebra. We follow [CW24].

Theorem 10.16. Let F be a perfect field and let A be a finite dimensional F-
algebra. Let k be the maximal semisimple quotient of A. Then, working over
the base ring k, there is an equivalence

o PEX(Q(A) _ per(A))

op
Deg( ™)™ = iiekr) .~ ehick (k)

Proof idea. Since F was perfect, A is a k-algebra by the Wedderburn—-Malcev
theorem. Put C' = A* for brevity; since A was nilpotent over k it follows that
C is conilpotent. There is a natural map Q(C) — A' and one can check that
it is a quasi-isomorphism since C is finite dimensional. So in what follows we
focus on the first equivalence.

Since A is finite dimensional, there is a functor A-Mod — C-Comod: an
action map M ® A — M corresponds across the hom-tensor adjunction to a
coaction map M — M ® C' making M into a C-comodule. In fact, this extends
to an equivalence K(Inj(A)) — D (C). If we choose a fully faithful injective
resolution functor D?(A) < K (Inj(A)), by composition we obtain a fully faithful
triangle functor ¢ : D¥(A) < D°(C). Hence ¢ induces triangle equivalences

Db(A) N thiCka(A) (k) - thiCcho(c) (L(k})) - thiCcho(C) (/f)
thick(A*)  thickpi(a)(A*)  thickpeo(c)(t(A%))  thickpeo(o)(C)

Since linear duality is an equivalence D®(A°P) — DP(A)P, it follows that the
left hand side is exactly Dgg(A°P)°P. For the right hand side, Theorem 10.13
provides a triangle equivalence

thiCcho(C)(k) thiCkD(Qc)(QC) - per (QC)

~

tthcho(C) (C) tthkD(QC) (/ﬂ) o thiCk(kJ)

and putting the above equivalences together yields the required statement. [J

Remark 10.17. One can drop the perfect field requirement at the cost of as-
suming that A is nilpotent over a finite dimensional semisimple F-algebra; for
example path algebras of quivers with admissible relations are of this form.
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10.3 Hochschild homology via Koszul duality

Matrix factorisations can be viewed as certain modules over a curved dg algebra.
In this section, we explain this perspective, before using some results in curved
Koszul duality to give an alternate proof of Dyckerhoft’s result (Theorem 7.20)
on the Hochschild homology of matrix factorisation categories. We mostly follow
the papers [CT13, Tul4].

Definition 10.18. A curved dg algebra is the data of
e A graded algebra A
e A degree 1 derivationd: A — A
e An element h € A2
such that
e d(h)=0
o d*(x) = [h,z] = ha — zh for all z € A.
We call d the differential and h the curvature element.
Ezxample 10.19. If A is a dg algebra, then it is naturally a curved dg algebra

with zero curvature.

Ezxample 10.20. If A is a graded algebra and h € A is a degree 2 central element,
then the pair (A, h) is a curved dg algebra with zero differential (a.k.a. a curved
graded algebra).

A morphism of curved algebras A — B is a pair (f,b) where f : A — Bisa
map of graded algebras, and b € B is a degree 1 element satisfying the formulas

e f(da) = d(fa)+ b, fa
o f(ha)=hp +db+b>

Morphisms compose by putting (g,b)(f,a) = (¢f,b+ g(a)). Observe that the
inclusion of dg algebras into curved dg algebras is faithful but not full.

A dg module over a curved dg algebra A is a graded A-module M with a
differential d of degree 1 satisfying the Leibniz rule with respect to the A-action,
and such that d?(m) = hm. Note that A need not be a module over itself. DG
modules assemble into a dg category Mod— A, with the hom-complexes defined
exactly as in the uncurved case. We let Tw(A) denote the full subcategory
on the finitely generated twisted modules, i.e. those A-modules whose
underlying graded A-modules are free of finite rank over the underlying graded
algebra of A. This is a full pretriangulated dg subcategory.

Example 10.21. Let A be a commutative ring and let ¢ € A be any element.
Define a curved Z/2-graded algebra A, by:

e The underlying graded algebra of A, is A, concentrated in even parity.
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e A, has zero differential and the curvature element is given by o.

Then Tw(A,) is precisely the Z/2-graded dg category Mng(A7 o). This gives
a quick proof that the homotopy category MF (A, o) is in fact a triangulated
category.

There is a completely parallel definition of curved dg coalgebra: a curved
dg coalgebra is a graded coalgebra C with a coderivation d and a curvature
functional h : C — k satisfying some axioms. Similarly, there is a notion of
finitely generated twisted comodule over a curved dg coalgebra. Just like
in the uncurved case, the linear dual of a curved dg coalgebra is a curved dg
algebra, and one has the following proposition:

Proposition 10.22. Let C be a curved dg coalgebra. Then there is a quasi-
equivalence
Tw(C)°® ~ Tw(C*).

Ezample 10.23. Let A = k[z1,...,z,] be the power series ring, so that A is
the linear dual of the cosymmetric coalgebra C' on n variables. If o0 € A then
o dualises to a functional on C, which gives C' the structure of a curved Z/2-
graded coalgebra which we denote C,. We have C} = A, and hence using
Example 10.21 we obtain a quasi-equivalence Tw(C, )% ~ MF%(A4, o).

A curved dg coalgebra C has a cobar construction QC, which is a (not
necessarily augmented) dg algebra. The definition of QC' is the same as the
usual cobar construction, but the differential acquires an extra term from the
curvature functional. If C' is uncurved then 2 reduces to the usual cobar con-
struction, and in particular QC' is augmented. Similarly, if A is a dg algebra,
it has a bar construction BA which is a conilpotent curved dg coalgebra, and
QOBA ~ A. If A was augmented then BA is uncurved. Defining a bar construc-
tion for curved dg algebras is possible, but more subtle, since one can no longer
expect BA to be conilpotent. See e.g. [BL23| for a more thorough discussion.

Theorem 10.24 (Curved Koszul duality). Let C be a coaugmented curved dg
coalgebra. Then there is a quasi-equivalence of pretriangulated dg categories
Tw(C) ~ Tw(QC). When C is in addition conilpotent, there is a quasi-
equivalence Tw(QC) ~ per (QC). In particular, when A is a dg algebra there
is a quasi-equivalence per (A) ~ Tw(BA).

Ezample 10.25. Let C, be the curved Z/2-graded coalgebra of Example 10.23.
Curved Koszul duality yields a quasi-equivalence MF® (A,0) ~ per(QC,)°P.
One can in fact show that QC, ~ PSP, the (opposite of the) dg algebra of
polynomial differential forms constructed by Dyckerhoff. In particular, we have
P) ~ A,. In this sense, the equivalence of Corollary 7.9 is in fact an example
of curved Koszul duality.

If Ais a curved dg algebra, it has a Hochschild complex HH®*(A). As a graded
vector space, HH®*(A) is the product [];-, Hom(A®?, A). The differential sends
a degree k cochain f to the sum
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(@) SO (=14l L fagas e agie)s )
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k<l
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where mo() = h, mi(a) = da, and ma(a,b) = ab. Note that this is like the
usual Hochschild differential, but also incorporates a curvature term. There is
a similar definition for HH4(A) as the totalisation of the bigraded vector space
A® A? equipped wih a similar differential.

Proposition 10.26. Let A be a curved graded algebra with nonzero curvature.
Then both HH*(A) and HH, (A) vanish.

Proof idea. A spectral sequence argument reduces to the case where A is a
curved algebra with zero multiplication, and one can compute HH(A) explicitly
in this situation. U

Hence the usual notion of Hochschild co/homology is not a good invariant
for our current purposes. We introduce a slightly modified version.

Definition 10.27 ([PP12]). Let A be a curved dg algebra. The compactly
supported Hochschild cohomology complex is the graded vector space
HH? (A) == @, Hom(A®, A) equipped with the above Hochschild differential.
Similarly, the Borel-Moore Hochschild homology complex is the graded
vector space HHEM(A) = [].(A ® A’) equipped with the usual Hochschild
differential.

We now describe an alternate method to compute HH, (MF?(A,)). Fol-
lowing Example 10.25 we obtain a quasi-isomorphism

HH,(MF(A, o)) ~ HH,(QC,)

using the derived Morita invariance of HH,. Tu then proves that HH, (Q2C,) is
naturally isomorphic to the linear dual of HH],EI\/I(AU)7 using the intermediate
notion of the Hochschild complex of a curved dg coalgebra. This reduces the
computation of HH,(MF(A,05)) to the computation of HH?M(A,), which
one can do directly, following [CT13]. We remark that a generalisation of this
computation appears in [BW24].



Further reading

In this final section, we provide a few small glimpses into the large range of
results about singularity categories that we failed to mention in earlier chapters.
No more than a brief summary will be given; in particular we do not claim to
provide anything close to a comprehensive list of references.

Singularity categories for schemes

Let X be a quasi-separated noetherian k-scheme. Just as in the case of k-
algebras, one can define Dyy(X) := D’(cohX)/per(X), and when X is affine
this agrees with Dgg(k[X]). This definition — as well as the name “singularity
category” for this object — is due to Orlov [Orl04]. One key fact about Dgg(X) is
that it can be computed on a formal neighbourhood of SingX. In the following
theorem, we refrain from giving the definition of an ELF scheme; see the original
reference [Orll11] or the good overview [Sym22] for the details. We will, however,
note that a quasiprojective variety defined over a perfect field is ELF.

Theorem 10.28 (Orlov [Orlll]). Let X,Y be ELF schemes and denote by
X, the formal completions of X,Y at their singular loci. If X 29 as formal
schemes then there is a triangle equivalence Dgg(X)¥ =~ Dsg(Y)“.

We note that the theorem fails if one drops the idempotent completions;
indeed for a counterexample one may take X to be the cubic and Y to be the
coordinate axes in the plane. We obtain the useful corollary:

Corollary 10.29. Let X be an ELF scheme with singular locus a finite set of
isolated points. Then there are triangle equivalences

Dsg(X)w = @ Dsg<OX,p)w = @ Dsg(@X,p)w

pESing X pESing X

and if in addition X has complete local Gorenstein singularities then we also
have a triangle equivalence

Dg(X)* =~ @ Dy (Ox p)-
p€ESing X

70
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Observe that similar ‘block decompositions’ appear in Theorem 8.11 and
Theorem 9.19. In general the difference between Dy, (X) and its idempotent
completion is measured by K_j(perX), as in [Orlll]. We note that other
localisation results, as well as a noncommutative version, appear in [Chel0].

One can often globalise other constructions of the singularity category: if X
is a Gorenstein scheme (or stack) then Buchweitz’s description of the singularity
category globalises, and one can obtain a description of Dy (X) in terms of
MCM sheaves [PV11, Lu20]. When X is the zero scheme of a section of a line
bundle, one can obtain a similar description of Dgg(X) in terms of global matrix
factorisations [Orl12, LP13, EP15]. We note that Efimov and Positselski also
give a relative version [EP15].

Orlov showed that the bounded derived category of a Calabi—Yau complete
intersection is the graded singularity category of its affine cone; in more general
situations one category embeds in the other [Orl09]. A noncommutative version
for dg algebras was also given by Brown and Sridhar [BS25]. Shipman, following
work of Segal, was able to give a description of Orlov’s theorem in terms of global
matrix factorisations [Segll, Shil2]. This is closely related to a theorem of Isik,
which states that if Y is a variety given as the zero scheme of a section of a vector
bundle F on a smooth variety, then Y is derived equivalent to the equivariant
singularity category of a hypersurface in the total space of E* [Isil3].

The descriptions of the Hochschild theory of matrix factorisation categories,
as well as the closely related “Kiinneth theorems” of Section 7.3, were globalised
by Preygel [Prel2| (see also [BZNP17]). A related result appears in [TV22]
where it is applied to prove a version of the Bloch conductor conjecture using the
connection between singularity categories and vanishing cohomology established
in [BRTV18].

Singularity categories in mirror symmetry

Equivariant singularity categories appear on both sides of the conjectural Homo-
logical Mirror Symmetry correspondence. A (gauged) affine Landau—Ginzburg
model is the data of a polynomial w € k[z1,...,z,] with an isolated singular-
ity at the origin together with a group G of symmetries of w; G is known
as the gauge group. Associated to an affine LG model is an equivariant ma-
trix factorisation category MF(A™ G, w) known as the derived category of
branes; the connection with curved algebras appears early in the HMS litera-
ture [Kon95, Orl04, CT13, Segl3|. One can also consider non-affine LG models
of the form (X, G,w) where X is a smooth variety, G a reductive group acting
on X, and w a G-equivariant function on X; see e.g. [FK18] for a good mathe-
matical introduction. In this setting one typically thinks of MF(X, G,w) as a
deformation of D?(X) along the ‘superpotential’ w. We remark that the above
notions are closely related to the concept of a gauged linear sigma model
[FIR18].

Landau—Ginzburg mirror symmetry predicts that, for a certain class
of polynomials w called invertible, one can associate to a pair (w,G) a mirror
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pair (wT', GT') such that certain enumerative invariants (the FJRW invariants) of
MF (A", G,w) agree with certain other invariants (the Saito-Givental theory) of
MF(A", GT,w?T). One expects w! to be the combinatorially defined Berglund-
Hiibsch transpose of w. The related LG/CY correspondence states that,
in certain settings, MF (A", G, w) should actually be equivalent to some Aqo-
category associated to the Calabi—Yau orbifold [X,, /G|, where the hypersurface
X = {w = 0} sits inside a weighted projective space. Whether the A..-
category is a derived category of sheaves or a Fukaya category of Lagrangians
depends on whether we are on the A- or B-sides of the mirror; on the A-side the
relevant enumerative invariant is the orbifold Gromov-Witten theory. Moreover,
the LG/CY correspondence should interchange LG mirror symmetry and the
more classical CY mirror symmetry. See e.g. [CR11, LU22, Hab22| or the survey
[FIP19] and the references therein for a far more detailed introduction.

Big singularity categories

Singularity categories do not usually have infinite co/products, since bounded
derived categories do not. The first to consider a ‘big’ singularity category seems
to have been Krause, who associated to any noetherian Grothendieck abelian
category & its stable derived category K,.(Inj<?), the homotopy category
of acyclic complexes of injective objects.

Theorem 10.30 (Krause [Kra05]). There is a recollement (cf. Proposition 8.19)
. —— . —
Kac(ln‘]d) C K(In_],!z{) @ D(,!Z{)
which yields, after localisation, a triangle equivalence
Kac(Inje? )¢ ~ Dgyg(noethe)

identifying the compact objects in K,.(Injo/) with the singularity category of
noetherian objects in o .

When & = Mod—X for X a noetherian separated scheme or ring, then
Dgg(noetha?) is the usual singularity category of X. Note the similarity be-
tween K,.(Injo/) and the category K,.(projA) appearing in the proof of Theo-
rem 4.22. Observe also that when A is a finite dimensional algebra, the category
K(InjA) already appears in the proof of Theorem 10.16, as the coderived cate-
gory of the coalgebra A*. In fact, any ring R has a coderived category D®°(R),
and Positselski gives an equivalence K,.(InjR) ~ D°(R) for any noetherian R
[Pos11]. Becker lifts these equivalences to the level of model structures [Becl4].

Positselski’s arguments hold in greater generality, in particular for many
kinds of dg rings [Posll, 3.7], and allows one to construct ‘singularity cate-
gories’ for them as categories of the form D (R)°. We note that for unbounded
dg rings, per R Z D’(R), so that the traditional definition need not make sense.
Singularity categories for dg rings, and, more generally, ring spectra, were con-
sidered in [GS20b] which also established a connection with Koszul duality.
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Alternate models for singularity categories

If A is a homologically smooth dg algebra, Amiot’s generalised cluster cate-

gory cl(A) is defined to be the quotient 22“Y [Ami09]. Note that the definition

Dra(A)
is formally ‘inverse’ or ‘opposite to’ that of the singularity category féi((f;)) of

a finite dimensional (dg) algebra B, and indeed the two are often permuted by
Koszul duality. So one can often view singularity categories as generalised cluster
categories, and vice versa - see e.g. [AIR15, GS20b, HK24, Boo19, Boo21, BG23|
or the proof of Theorem 10.16 (which is ultimately from [CW24]). In fact, cl(A)
is sometimes known as the cosingularity category of A. When A is the Ginzburg
dg algebra associated to a Jacobi-finite quiver with potential, Amiot additionally
proves that cl(A4) is 2-Calabi-Yau [Ami09].

Some explicit models for singularity categories, constructed using noncom-
mutative crepant resolutions, were given in [dTdVVdB16|; we note here also a
link to the results of Chapter 8. This also allowed a new proof of the main result
of [AIR15]. Related constructions have been given in the non-isolated setting in
[KY18], and recently in the higher-dimensional setting in [Liu24]. Other explicit
models, using dg Leavitt path algebras, appear in [CW24].

The explicit models of [dTdVVdB16] were used in [Tabl6| to compute the
K-theory of the singularity categories of certain isolated quotient singularities.
Whilst there do not seem to be many computations of K, (Dsg(X)) in the liter-
ature, some also appear in [BD20] and [PS21]; homotopy K-theory is treated in
[GS20a]. We remark that since K-theory is localising, for any noetherian ring
A we obtain a fibre sequence K(A4) — G(A) = K(Dsg(A)) —, and moreover
since G(A) is connective we see that K_,,(Dsg(A4)) =2 K_,,_1(A) for n > 0.

If A is a Gorenstein ring, Buchweitz proves that the singularity category of
A can be obtained from the stable module category mod(A) by stabilising (in
the sense of [Hel68]) the syzygy functor 2 [Buc86]. This has been significantly
generalised by subsequent authors [KV87, Gra95, Bel00, CW25]; see [Che25] for
a survey.
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